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The notion of cohomological mixed Hodge complex was introduced by Deligne [4] as a 
tool to construct the mixed Hodge structure on the cohomology of complex algebraic 

O I varieties. This is defined by using logarithmic forms and simplicial resolutions of varieties. 

■^ • It is called cohomological, because its conditions are imposed only after taking the global 

r-| . section functor. Forgetting the rational (or integral) structure and also the weight filtration, 

d '. a refinement of this notion was obtained by Du Bois [6] (following Deligne's idea). For 

a complex algebraic variety X and a closed subvariety I? of X, he introduced a filtered 
complex (0^(L>),F) on X, whose differential is given by differential operators of order 
at most one. It is well defined in a certain triangulated category, and gives the Hodge 
filtration of Deligne's mixed Hodge structure on the cohomology of X\D by taking the 

00 ■ hyper cohomology if X is proper. 

O I On the other hand, the notion of mixed Hodge Module is introduced in [14], [15]. This 

Q I gives also a mixed Hodge structure of the cohomology of a complex algebraic variety 

^ ■ (without using a simplicial resolution). It is generally considered that the theory of mixed 

Hodge Modules is a generalization of Deligne's mixed Hodge theory. There were, however, 
some gaps between the two theories. 

One is that the theory of mixed Hodge Modules does not work on simplicial schemes, 
because the direct images and the pull-backs are defined only in the derived categories, 
<^ • and not in the level of complexes. In particular, it was not clear whether the two mixed 

^ . structures obtained coincide in general (except when the variety is embeddable into a 

smooth variety). The difficulty comes from the fact that the double complex construction 
associated with a cosimplicial complex on a simplicial scheme does not work in the derived 
category, because d^ is not zero, but only homotopic to zero. Note that this difficulty is 
not solved in this paper, nor seems to be solved soon. In fact, the problem is avoided in 
this paper, because we do not have to construct a complex of mixed Hodge Modules on 
the simplicial scheme in the proof of (0.2). 

Another problem is the difference in the systems of weight. In Deligne's theory [4], the 
weight filtration VF on a mixed Hodge complex K is defined so that the weight of WGy^ K 
is i -\- k. This weight filtration W is called the standard weight. On the other hand, the 
weight of H^Gif. M is k for a complex of mixed Hodge structures M (or a mixed Hodge 
complex in the sense of [1, 3.2]) with the weight filtration W' . This weight filtration W' 
is called the absolute weight. For a complex of mixed Hodge structures, the passage from 
W to W is done by taking the convolution of W and a (the filtration "bete" in [4]). But 
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2 MORIHIKO SAITO 

this does not work for a mixed Hodge complex in the sense of [1, 3.2]. For the converse 
we have W = DecW as in [4]. This works for mixed Hodge complexes in the sense of 
loc. cit. These transformations of weights give certain difficulties for the unification of the 
two theories (e.g. in the compatibility with the direct images). The main difficulty comes 
from the fact that the standard weight filtration is not strict, but cannot be avoided in 
order that the mixed Hodge complexes be stable by the direct images. 

In this paper we construct a triangulated category of mixed Q-Hodge complexes (resp. 
mixed Q-Hodge "D-complexes) on a complex algebraic variety X, which will be denoted 
by Df^{X,Q) (resp. L'^(X,Q)x)), together with a natural functor DR^^ : D^(X,Q) -^ 

A mixed Q-Hodge complex K consists of a filtered differential complex {Kp, F) with a 
filtration W, and two filtered complexes (i^Q, VF), (i^c, W) with Q and C-coefficients. They 
are endowed with two quasi-isomorphisms ap '■ (Kp, W) -^ (i^c, W), aq : (i^Q, W)^qC -^ 
{Kcj W), and satisfy certain good properties. See (2.2). A mixed Q-Hodge D-complex is 
defined similarly by replacing the filtered differential complex {Kp, F) with a complex of 
filtered P- Module {Kx>, F). A morphism of mixed Q-Hodge complex u : K ^ L consists 
not only of morphisms up, uq, uc between the components of K, L, but also of homotopies 
u'p, u'q, because u^ and a* commute up to a homotopy, which is given by u'^. Note that 
this homotopy does not appear in [1], but is essential for Theorem (0.1) below. We can 
show that the mixed Q-Hodge complexes (or P-complexes) are stable by the direct image 
under a proper morphism of algebraic varieties in a compatible way with DR~ . 

0.1. Theorem. We have a natural functor e from iI>^MHM(X, Q) (the derived category of 
bounded complexes of mixed Q-Hodge Modules on X) to D:^(X, Q)^?. It commutes with 
the direct image under a proper morphism. See (2.7-8). 

For D a closed subvariety of X, and j : X\D -^ X the inclusion morphism, we construct 
a mixed Q-Hodge complex C^,^-,Q whose underlying Q-complex is Rj*Qx\i:i by using a 
simplicial resolution. See (3.3). Forgetting the weight filtration and the rational structure, 
it coincides essentially with the Du Bois complex (0^(15), F). 

0.2. Theorem. We have a natural isomorphism 

DR-\Cfp^Q) = £(j;Qf\^) in D\^{X,Q)v. 

where JMx\d ^ ^^MHM(X) is as in [15]. See (2.8) below. 

A naive idea for the proof of (0.2) would be to construct a complex of mixed Hodge 
Modules on a simplicial resolution of X. But this is very difficult, and is not enough to 
show (0.2), because there still remains the comparison between this complex with C^/^^Q, 
which is not trivial at all. Instead, we use a smooth affine stratification of X to get a good 
representative of j*Q^\j). The corresponding object can be constructed in D^{X,Q)j), 

and it is isomorphic to DR^^ (C^,^^Q). 
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As a corollary of (0.1) and (0.2), we get the coincidence of the two mixed Hodge struc- 
tures in [4] and [15]. But what is more important is the relation between Q^ and the Du 
Bois complex (O^, F). Let (M, F) denote the underlying complex of filtered P-Module of 
Qf . Then Gr^DRx(M) are well-defined in D^^^^{X,Ox)- See (1.3.4). Let n = dimX, 
and X' be the union of the n-dimensional irreducible components of X. Let X' — * X' be a 
resolution of singularities, and tt : X' — i> X its composition with the natural morphism to 
X. Let a. : X, — > X be a simplicial resolution. Then (0.2) implies that Gr DRx(M) — 
forp>Oorp< —71, and 

0.3. Corollary. Gr^DRx(M) = R(a.)*Cx., Gr^„DRx(M) = TT^u^,[-n]. 

We have K^tt^ujj^, = for i > by [8], and tt^ujj^, is independent of the choice of the 
desingularization. (See also [10].) Let (M', F) denote the underlying filtered P-Module of 
the intersection complex ICx'Q^- Then we have also Gr_^DRx(M') = rc^^ujj^, by [16]. 
Note that we cannot prove (0.3) without using (0.2) even if X is embeddable into a smooth 
variety. 

We say that X has (at most) Du Bois singularities, or X is Du Bois for short, if a 
natural morphism Ox -^ R-(a»)*C^x. is an isomorphism in the derived category. See [20]. 
Of course, Cx -^ ^{a.)^,Cx, is always an isomorphism, but the same does not necessarily 
hold for O. This isomorphism gives a strong restriction to Ox- (For example, X must be 
weakly normal. See Remark (i) after (5.2). If Cx[dimX] is a perverse sheaf, X must be 
Cohen-Macaulay. See Remark (ii) after (5.3).) 

Let Kx denote the dualizing complex for Ox-Modules, and (DM, F) the underlying 
filtered P-Module of ©Qf (which is the dual of Qf ) so that Gr^DRx(roM) is the dual of 
GrQ DRx(M) at least locally. Then we have uniquely a morphism in D^^^{X, Ox) 

Gr^DRx(©M) ^ Kx, 

whose restriction to the smooth part of X is a natural isomorphism. See (5.3). By (0.3), 
this morphism is an isomorphism if and only if X is Du Bois. Using this, we can prove 
that a rational singularity is Du Bois, as announced in Remark (ii) after (2.4) of [18]. This 
was conjectured, and proved in the isolated singularity case, by Steenbrink [20]. After 
writing the first version of this paper, I am informed that the assertion is proved by KoUar 
[11,12.9] in the case where the singularity admits a projective compactification having only 
rational singularities, and then by Kovacs [12] in the general case. 

I would like to thank the referee for useful comments. 

In §1 we review the theory of filtered differential complexes and filtered P-Modules 
which are needed in this paper. Then we introduce the notion of mixed Hodge complexes 
on algebraic varieties, and prove (0.1) in §2. The appendix to §2 gives a review on the 
theories of compatible filtrations [14] and the realization functor [2] , which are necessary 
for the proof of (0.1). In §3 the notion of geometric complexes is used to define a refinement 
of the filtered complex of Du Bois. Then we prove (0.2) using a smooth affine stratification 
in §4. The application to the Du Bois singularity is given in §5. 

In this paper a variety means a separated scheme of finite type over a field, and an 
analytic space means a separated complex analytic space. 
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1. Filtered Differential Complexes 

1.1. Let X be an algebraic variety over a field k of characteristic zero, or a complex 
analytic space. (In the analytic case, variety will mean analytic space in this section.) 
We consider filtered Ox-Modules (L, F) such that the filtrations F are increasing and 
exhaustive, and FpL = for p ^ 0. (If the reader prefers, he can assume that Gr^ L are 
annihilated by the nilpotent ideal of Ox corresponding to Xred C X, so that DR^^(L, F), 
which will be defined in (1.3), satisfies the corresponding condition for filtered P-Modules. 
This condition is satisfied by mixed Hodge Modules due to [14, 3.2.6].) 

For Ox-Modules L, L', we have the notion of differential operator of order < n, which 
is invariant by the direct image of L, L' under a closed embedding of varieties. See Remark 
(i) below. The group of differential operators of order < n are denoted by Diff^(L, L'). If 
X is smooth, this can be defined by the image of the composition of injective morphisms 
(see [14, 2.2.2]) : 

Homo^ (L, L' ®Ox FnVx) -^ Homx)(L ®Ox "^x, L' ®Ox '^x) 

-^Homc(L,L'), 

where the last morphism is given by the tensor with Ox over "Dx- (Here Vx is the 
ring of differential operators on Ox, and has the Hodge filtration F such that F^Vx = 

DifF^(Ox,Ox).) 

For filtered Ox-Modules {L,F), {L' , F) as above, we say that a C-linear morphism of 
filtered sheaves u : {L,F) ^ (L', F) is a filtered differential morphism if the composition 

(1.1.2) FpL^L^L' -^ L'/Fp_q_iL' 

is a differential operator of order < q for any p, q. (In particular, Gr u : Gr^ L -^ Gr^ L' 
is Ox-hnear.) The condition implies that if we put init(L,F) = min{p G Z : FpL ^ 0}, 
then the restriction of u to FpL is a differential operator of order < p ~ init(L', F). We 
will denote the group of filtered differential morphisms by HomDiff((-^, F), (L', F)). This 
is invariant by the direct image of (L, F), (L', F) under a closed embedding of varieties. 

If X is smooth, we define DR^^{L, F) to be the right P-Module L ^Ox ^x with the 
tensor product filtration F, i.e., Fp = Yli-^i-^ ®Ox Fp-iVx- Then we see that the tensor 
with Ox over Vx induces a bijection 

(1.1.3) Hom^(DR-i(L, F),DR-\L', F)) ^ HomDifF((L, F), (L', F)), 

where Hom on the left-hand side is taken in the category of filtered right "Dx-Modules. In 
fact, the morphism is injective by the injectivity of (1.1.1), and the condition on (1.1.2) 
corresponds to that the morphism of Ox-Modules L -^ L' ^Ox ^x preserves the filtration 
F, because 

Fp{L' ®Ox ^x) = fl(Fp_^_iL' ®Ox ^x + L' ®Ox FqDx). 
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See [2, (3.1.2.8)]. (As remarked by the referee, we have the inverse morphism of (1.1.3) 
by identifying FpDR^^(L) with HomDiff((Ox7 F), (L, F[—p])) and taking the composition 
with HomDiff((-^, F), (L', F)).) Note that (1.1.3) imphes in general that the filtered differ- 
ential morphisms are stable by composition. 

We define MF((9x,Diff) to be the category whose objects are filtered Ox-Modules 
(L, F) as above, and whose morphisms are filtered differential morphisms. In the smooth 
case, let MF{Vx) denote the category of filtered right Px-Modules (M, F) such that the 
filtration F is exhaustive and FpM = for p ^ 0. Then, by the bijectivity of (1.1.3), we 
get a fully faithful functor 

(1.1.4) DR3^^ : M F(Cx, Diff) -^ MF{Vx). 

Let CF(Ox7Diff) be the category of complexes {L,F) of MF{Ox,^^S), where we as- 
sume FpL = for p <^ independently of the complex degree. Then KF{Ox,^iS) is 
defined by considering morphisms up to homotopy as in [21]. Since the filtered acyclic 
objects form a thick subcategory in the sense of loc. cit, we get iI>F((9x, Diff) by in- 
verting filtered quasi-isomorphisms. Similarly we define C*F((9x, Diff), i^*-F(Ox, Diff), 
D*F(Ox, Diff) for * = -f-, — , 6 by assuming the corresponding boundedness conditions on 
the complexes as in loc. cit. 

We consider also the category MF(Ox7 Diff; VF) whose objects are Ox-Modules hav- 
ing a filtration F as above together with an increasing finite filtration W, and whose 
morphism are filtered differential morphisms with respect to F, and preserve the filtra- 
tion W. Then for * = -|-, — , 6 or empty, we can define the categories C*F{Ox, Diff; VF), 
K*F(C»x,Diff;Vr), D*F(Cx, Diff; Ti^) in a similar way. Here W is assumed to be finite 
uniformly in the complex degree. 

We denote by L>*„h^(^^' Diff; W) the subcategory of D*F{Ox, Diff; W) consisting of 
objects (L, F; W) such that WGip Gij^ L are coherent Ox-Modules. Forgetting the filtra- 
tion W, we have similarly i;>*^j^F(Cx, Diff). 

Remarks, (i) We have three equivalent definitions of differential operator of order < n. 
(The third definition is in the algebraic case.) 

The first one takes (1.1.1) for definition in the smooth case, and the general case is 
reduced to this by using locally defined closed embeddings into smooth varieties. The 
well-definedness follows from the invariance of morphisms of (filtered) P-Modules by the 
direct image under a closed embedding of smooth varieties. (In fact, if i : X ^ Y is 
a closed embedding of smooth varieties such that X is defined locally by yi = with 
(yi, . . . , i/m) a local coordinate system of Y, then the direct image of a filtered right Vx- 
Module (M, F) by i is decomposed by the eigenvalue of the semisimple action of yid/dyi 
so that M — Keryid/dyi.) 

The second definition is due to Grothendieck [7, 16.8.1]. Let Ix be the ideal of the 
diagonal oi X x X, and 

"" ^''XxX/J-x' 



Px = Oxxx/i;+' 



Let L, L' be Ox-Modules, and u : L -^ L' a C-linear morphism of sheaves. We say that 
-u is a differential operator of order < n in the sense of Grothendieck if there exists an 
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Ox-linear morphism 

such that u coincides with the composition of the natural inclusion 

L -^ Px ^Ox L (defined by m -^ 1 to) 

with u'. Note that u' is uniquely determined by u, using a natural isomorphism 

Homc(L, L') = RomoxiiOx ®c Ox) ®Ox L, L'), 

because a natural morphism Ox <8>c Ox —^ Px is surjective. The last surjectivity can 
be reduced to the case X smooth, because Py -^ Px is surjective for a closed embedding 
X —^ Y. See also Remark after (1.2). The equivalence of the first and the second definitions 
is reduced to the smooth case (see Remark after (1.2)) and follows for example from [19, 
(1.20.2)]. 

The third definition in the algebraic case is as follows. For Ox-Modules L, L', we say 
that a C-linear morphism of sheaves -u : L -^ L' is a differential morphism of order < n, if 
for any local sections qq, . . . , g^ of Ox, we have 

(1.1.5) adgo- ■■ a.d gn{u) = 0, 

where a,dgi{v) = giV — vgi for a morphisms of sheaves v : L ^ V . (This was used for 
example in J. Bernstein's talk on algebraic -D-Modules at the Luminy conference 1983.) 
This definition is clearly invariant by the direct image under a closed embedding of varieties, 
and we can verify the equivalence with the second definition in the smooth case. See for 
example [19, (1.20)]. (The key point is that a-dgi corresponds to the multiplication by 
gi ® 1 — 1 ® gi G Ix-) By this definition, the condition on (1.1.2) means that for any 
local sections gi, . . . .g^ of Ox, 3^.(1 gi ■ ■ ■ad(7^(w) pushes down the filtration F by n (as 
remarked by the referee). This is also good for the direct image in (1.2), (However the 
third definition is not so simple in the analytic case, because (1.1.5) is not strong enough, 
and we have to assume further a condition on the continuity of u in some topology.) 

(ii) If ti : L ^ L' is a differential operator of order < n and L, V have a filtration W 
such that u{WiL) C WiV , then 

u : W^L/WjL -^ W^L'/WjL' 

are differential operators of order < n for i > j. So if ti : (L, F) -^ (L', F) is a filtered 
differential morphism preserving a filtration W of Ox-Modules L and L' , then 

u : {W,L/WjL,F) -^ {W,L' /WjL', F) 

is a filtered differential morphism for i > j. 

(iii) It is not clear whether D*F{Ox, Diff) is a full subcategory of DF{Ox, Diff) for * = 
6, +, — , because the usual truncation T<n does not exist for filtered differential complexes. 
However, D*F^(Ox,^iS) (which is defined by assuming that the filtration F is finite in 
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the definition of D*F{Oxj Diff)) is a full subcategory of DF^{Ox^ Diff) and the latter is a 
full subcategory of DF{Ox, Diff) due to the functors which associate to (L, F) respectively 
( (Dec F)pL,F) and (FpL.F). (Note that the (Dec F)pL^ are Cx-Modules because Gr^d 
is Ox-linear. We may consider DecF as the canonical truncation relative to the filtration 

F.) 

1.2. Let f : X ^ Y he a, morphism of algebraic varieties or analytic spaces. Then we have 
a natural morphism of (9y-Modules 

So using the second definition of differential operators in Remark (i) after (1.3), we see 
that the direct image functor /* for (9-Modules induces 

/, :Diff^(L,LO^Diff?^(/,L,/,L'), 
/, : HomDiff((L, F), (L', F)) ^ HomDiff(/.(L, F), /,(L', F)), 

i.e., differential operators and filtered differential morphisms are stable by direct images. 
(Here we can also verify this easily using the third definition of differential operators in 
the algebraic case.) So we get the direct image functor 

(1.2.1) R/h. : D+F{Ox, Diff) -^ D+F{Oy, Diff). 

by using for example the canonical fiasque resolution of Godement. This direct image is 
compatible with the direct image of filtered P-Modules via the functor DR~ in (1.3.2) 
below. See [14, 2.3.6]. 

Remark. Let i : X ^ Y he a, closed embedding. Then the direct image induces natural 
isomorphisms 

i, : Diff^(L,L') ^ Diff^{i,L,i,L'), 
(1.2.2) 

i, :HomDiff((F,F),(L',F)) ^HomDifF(iH<(i^,F),iH<(iv',F)). 

This is clear if we take the first definition of differential operators (or the third in the 
algebraic case) in Remark (i) after (1.1). For the second definition, the argument is as 
follows. For the first isomorphism, it is enough to show that a natural morphism 

Ox ®o^ Py ®o^ Ox -^ i.Px 

is an isomorphism. Let J, J' denote the defining ideals of X and X ^ X iivY and Y xY 
respectively. Since the source of the morphism is isomorphic to the quotient of Oyxy 
by the ideal generated by J ® 1, 1 ® J and /y, it is enough to show the surjectivity of 
Iy ^ Ix- But this follows from the surjectivity of J' — *> J using the snake lemma (applied 
to a morphism of the exact sequence associated with J', J). The second isomorphism 
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follows from the first. (Note that (1.2.2) is used in the proof of the equivalence of the three 
definitions of differential operators when it is reduced to the smooth case.) 

1.3. Let X be as in (1.1). The notion of filtered P-Module is generalized to the case 
of singular varieties as follows. See also [14, §2]. Let LE{X) denote the category whose 
objects are closed embeddings U ^>V where U are open subsets of X and V are smooth. 
A morphism of {U -^ V} to {V -^ V'} in LE{X) is a pair of morphisms U ^ U' and 
V ^ V which gives a commutative diagram, where U -^ U' is compatible with natural 
inclusions U ^ X and U' -^ X. 

For {U ^ V} e LE{X), let MF{Vv)u be the category of filtered right I^iz-Modules 
(M, F) such that the filtration F is exhaustive, FpM = for p ^ 0, and the Gr M are 
annihilated by the ideal of U in V. (If the reader prefers, he can assume that the Gr M 
are annihilated by the ideal of L^red rather than that of U. This condition is satisfied by 
mixed Hodge Modules.) By definition, a filtered (right) "D-Module (M, F) on X consists 
of (Mu^v, F) e MF{Vv)u for {U ^ V] e LE{X) together with isomorphisms 

(1-3.1) v^{Mu^V:F)\v'\(^u'\u) = iMu'^v',F)\v'\{u'\u) 

for any morphisms {u,v) of {U — > V} to {W — * V'}, where v^ denotes the direct image as 
filtered I^-Modules (see [14, 2.3.5] and also Remark (iv) below), and (1.3.1) satisfies the 
natural compatibility condition for the composition of morphisms of LE{X). (Note that 
the left-hand side of (1.3.1) is a filtered P-Module. See Remark (i) below.) We assume 
also FpMjj^v = for p ^ independently of {U -^ V}. 

Let init(= init(M,F)) = min{p G Z : FpMu^v ^ 0}. Then we see that the Ou- 
Modules FinitMu^v are independent of the embedding of U, and defines a well-defined 
Cx-Module, which is denoted by FinitM. (This does not hold if we use left P-Modules.) 

The category of filtered P- Modules on X is denoted by MF{X, V), and the category of 
filtered P- Modules with a finite increasing filtration W by MF{X, V; W). For * = +,—,b 
or empty, we denote by C*F{X,V), C*F{X,V;W) the categories of complexes of these 
objects satisfying the corresponding boundedness condition. Their derived categories are 
denoted by D*F{X,V), D*F{X,V;W). Here we assume min{init(M% F)} ^ -oo for a 
filtered complex (M, F) , and W is finite uniformly in the complex degree. We have similarly 
M(X, P), D*{X, D), D*(X, V; W), forgetting the filtration F, but assuming that any local 
section of Mu^y is annihilated by a power of the ideal of U (this condition can be replaced 
with Supp Mu^v C U a Mu^v is quasi-coherent). 

We will denote by D*^^F{X, V; W) the full subcategory of D*F{X, V; W) consisting 
of coherent complexes (i.e. ^ H^FpGvf^ Mu^v are coherent over 0pFpPy), and by 
D^^^F{X,T>; W) its full subcategory consisting of holonomic complexes (i.e., furthermore 
H^Gij^ Mjj^v are holonomic "Dy-Modules). Forgetting the filtration VF, we define simi- 
larly DUFiX,V), D*^^,F{X,V). We have also Mhoi(X,P), D*^JX,V), Dl^,{X,V;W), 
etc. as usual, forgetting the filtration F. 

We have a functor 

DR^^ : MF{Ox, Diff) -^ MF{Vx) 

defined by (L, F) ^ {{Mu^v,F)}w\i\v{Mu^v,F) = {L,F)\u®Oy{Vv,F). This induces 
(1.3.2) DR-^ : F)F(Ox, Diff) -^ DF{Vx). 
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Let {Ui -^ Vi}i^A £ LE{X) (indexed by an ordered set A) such that {Ui}i^A is a locally 
finite covering of X. For / C A, let Uj = O^^jUi^Vi = [lie/ ^* s° ^^^* i^i ~^ ^i} ^ 
LE{X). Let M e M{X,V), and put 

Ki = {ji)^BRvAMu,^v,) (resp. (i,)!DRv,(Mt/,^x/J"") 

if X is analytic (resp. algebraic). (For DR see Remark (iii) below.) Here ji : Uj ^ X 
(resp. ji : Uf^ — > X^") denote natural inclusions. 

For I D J, DRvj{Muj^Vi) has a double complex structure associated with the decom- 
position Vj = Vj X Vj\j. Let V : Vj ^ Vj denote the natural projection, and v, the 
sheaf-theoretic direct image. Then 

v^{Mui^Vi, F)\vj\(Uj\Ui) = V'T^Rvi /VjiMuj^Vi , F)\vj\{u.,\Ui) 
as filtered right P-Modules, and 

DRvj{v,DRv,/Vj{Mu,^Vr,F)) = v,DRv,{Mu,^Vj,F). 
Since we have a filtered quasi-isomorphism 

v,DRvj /Vj{Mui^Vi, F)\vj\(Uj\Ui) -^ iMvj^Vj,F)\vj\(Uj\Ui) 

by (1.3.1), we get a natural morphism Kj -^ Kj which induces a quasi-isomorphism on 
Uj. So we get a co-Cech complex whose i-th component is 0|7|^i_j Kj, and it is denoted 
by DRx(M). This induces functors 

BRx : DUX.V) ^ D^iXX). 
^ ■ ■ ^ DRx : Mhoi(X, V) ^ Perv(X, C), 

where D*{X, C) in the algebraic case denotes the full subcategory of D*{X'^^, C) consisting 
of objects with algebraic stratifications, and similarly for Perv(X, C) (see [2] for D*(X, C), 
Perv(X, C) in the analytic case). 
We have similarly functors 

(1.3.4) Gr^DRx : DUF{X, V) ^ DU{X, Ox), 

and we can verify Grf^^J^Rx^M) = F^nitM. But we do not have DRx : D*^^F{X,V) -^ 
L>*„i^F(Cx,Diff) unless X is smooth. 

We can verily that (1.3.3-4) are independent of the choice of the covering {Ui -^ Vi}i(^\ 
by using {Ui -^ Vi}if^A" with A" the disjoint union of A and A' if {Ui -^ VijieA' is another 
covering of X. 

Remarks, (i) The left-hand side of (1.3.1) is a filtered "D-Module. In fact, for x E U, 
we take a minimal embedding of {U,x) into a smooth variety {Z,x) (i.e. dimZ coincides 
with the dimension of the Zariski tangent space of U at x). Then {U,x) -^ {V,x) is 
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the composition of {U,x) -^ {Z,x) with a closed embedding iy '■ {Z,x) -^ {V,x), and 
{Mu^v, F)x = {iv)*{Mz, F)^ for a filtered Pz-Module (Mz, F). (In fact, if Z is defined 
by yi = with (yi, . . . , ym) a local coordinate system of {V, x), then the filtration F on 
Mjj^v is stable by the action of yid/dyi, and is compatible with the decomposition of 
Mu^v by the eigenvalue of the action of yid/dyi.) Since the composition of iy with v is 
a closed embedding iy' '■ {Z, x) -^ {V, x), we get the assertion. 

(ii) Let {U -^ Vi} G LE{X) for i = 1,2, and f : V^i ^ V2 a morphism giving a 
morphism of LE{X) (i.e., it is compatible with {U -^ Vi})- Then the direct image of 
filtered P-Modules induces an equivalence of categories 

v^ : MF{Vv)u -^ MF{Vv')u- 

This follows by the same argument as the above Remark (i) by reducing to the case where 
(t/, x) — > (Vi, x) is a minimal embedding. 

If there is no morphisms between Vi and V2, we can consider V^ := Vi x V2 with the 
diagonal morphism U -^ Vs so that we get morphisms V3 -^ Vi by the projection. So 
we see for example that if X is embedded into a smooth variety Z, then MF{X,V) is 
naturally equivalent to MF{Vz)x- 

(iii) For a right Px-Module M on a complex manifold X or a smooth algebraic variety 
X, the de Rham complex DRx(M) is defined so that its i-th component is M®Ox A~'Ox- 
If M has a filtration F, DRx(M) has the filtration F such that Fp on the i-th component 
isFp+,M®o^ A-^Gx- 

(iv) If y is a complex manifold, or a smooth algebraic variety, DRxxr/r is defined 
similarly. We can verify that for a complex of filtered "Dxxy-Modules (M, F), the direct 
image p*(M, F) by the projection p : X xY ^>Y is isomorphic to Rp.DRxxy/r(-^7 F). 

If i : X ^ y is a closed embedding of complex manifolds or smooth varieties such that 
locally X = {yi = ■ ■ ■ = y^ = 0} by using a local coordinate system (yi, . . . , y^), let di = 
d/dy, for 1 < i < r, C[d] = C[ai, . . . , 9^] and 9^ = ^l<^<r ^^''' ^r '^ = ('^i' • • • , '^r) e N^ 
Then we can show the isomorphism 

i*(M, F) = uM ®c C[a] with Fj-z*M = ^ uFj_\^\M ® d"" . 

V 

1.4. We review here some properties of Hodge Modules which are needed in this paper. 
Let A be a subfield of M. We denote by MF\^o\{X^T),A\W) the category whose objects 
are M = ((M, F; W), {K, W)]a), where (M, F; W) is a holonomic filtered P-Module on 
X with a finite increasing filtration W , {K, W) is an A-perverse sheaf on X with a finite 
increasing filtration W, and 

a : DRx(M, Ti^) ~ (K, W) ®a C 

is an isomorphism of filtered C-perverse sheaves. Forgetting the filtration W, the category 
MFhoi(^, "C*, ^) is similarly defined, and we have functors 

Grf : MFhoi(X, V, A; W) ^ MFhoi(X, I), A). 
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Sometimes an object of MFhoi(^, T>, A; W) will be denoted by (M, F, K; W) (and similarly 
for (M, F, K)) to simplify the notation. 

We denote by MH(X, A, n) the full subcategory of MFhoi(^, ^,A) consisting of po- 
larizable A-Hodge Modules of weight n in the sense of [14, §5], and MHW{X,A) the 
full subcategory of MFhoi(X, V, A; W) consisting of M such that Grf M E MH(X, A, k) 
for any k. This means that the objects of MHW(X, A) are obtained by extensions of 
polarizable Hodge Modules, but there is no condition on the extensions. The category 
MHM{X,A) of mixed A-Hodge Modules on X is a fuU subcategory of MHW(X, A), and 
its objects satisfy certain good properties. See [15]. We say that A4 G MHW(X, A) is pure 
of weight n if Gr^ -M = for k j^ n. 

We state here some properties of Hodge Modules used in this paper. 

(i) A polarizable A-Hodge Module admits a strict support decomposition 

(1.4.1) (M, F, K) = 0(Mz, F, Kz), 

z 

with Z running over the irreducible closed subvarieties of X , where Mz is a holonomic 
"D- Module on X with strict support Z (i.e. suppM^ = Z or 0, and Mz has no nontrivial 
sub or quotient object whose support has dimension < dimZ), and Kz is an intersection 
complex with support Z or (in the sense of [2]). See [14, 5.1.6]. 

(ii) If a polarizable A- Hodge Module of weight n has strict support Z, its restriction to 
a smooth open subvariety of Z is a polarizable variation of A-Hodge structure of weight 
n — diuiZ. See [14, 5.1.10 and 5.2.12] Conversely, any polarizable variation of A- Hodge 
structure of weight n — dimZ on a smooth open subvariety of Z extends uniquely to a 
polarizable A- Hodge Module of weight n with strict support Z. See [15, 3.21]. 

(iii) MHW(X, A) and MHM(X, A) are abelian categories whose morphisms are strictly 
compatible with the two filtrations F, W in the sense of [14, 1.1.15] (see also (A. 2) below). 
For polarizable A- Hodge Modules A4, M.' of weights n, n' such that n > n', we have 

(1.4.2) Hom(A^,A^') =0, 

where Hom is taken in MFhoi(^, ^, A). 

(iv) Let f : X ^ Y he a, proper morphism of algebraic varieties, or a projective mor- 
phism of analytic spaces, and (M, F, K) a polarizable A-Hodge Module of weight n on X. 
Then the direct image f*{M, F) as filtered "D-Module is strict, and 

(1.4.3) {WMM,F)/Wf,K) eMH(r,A,n + z). 
Furthermore there exist (noncanonical) isomorphisms 

MM,F) ~ 0(7^7,(M,F))[-i] in D+F{Y,V), 

(1.4.4) 

f^K ^ 0(PH7*i^)[-^] in D+{Y, A) 

i 

compatible with a. 
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In fact, (1.4.3) follows from the stability of polarizable Hodge Modules under a proper 
morphism in the algebraic case [15] or a projective morphism in the analytic case [14]. 
Then (1.4.4) follows from the hard Lefschetz theorem [14] together with [5] in the analytic 
case. In the algebraic case, we can verify easily the compatibility with the direct image of 
mixed Hodge Modules in [15], forgetting the filtration W. Then the desired decomposition 
follows from the decomposition of the direct image of a pure Hodge Module. (It is also 
possible to reduce the assertion to the projective case by using Chow's lemma together 
with the above property (ii).) 

(v) Let X be a smooth algebraic variety or complex manifold, and D a divisor with 
normal crossings on X. Put U = X\D. Let {j^Ou, F; W) denote the underlying filtered 
Px-Module of j*^^, where j : U ^ X denotes a natural inclusion. (In the algebraic case, 
we have j^Ou = j^Ou-) Then we have a canonical isomorphism in D\^^^F{X, V; W) : 

(1.4.5) ijfOu,F;W)=DRl,\n'^{logD),F;W)[dimX], 

where W = W on j^Ou (because j^Ou is a "Dx-Module), and the filtrations F, W 
on the right-hand side is as in [4]. In fact, using [15, 3.11], we can show the bifiltered 
quasi- isomorphism 

{n'^{logD),F;W)[dimX]^DRx{jfOu,F;W). 

Similarly, let {jfOjj^F] W) denote the underlying filtered P^-Module oi j\A^ . Then 
we have a canonical isomorphism in D^^^F[X, V; W) : 

(1.4.6) {jrOu,F)=DR-\n'^{logD){-D),F)[dimXl 
where (— -D) means the tensor with the sheaf of reduced ideals of D. 



2. Mixed Hodge Complexes 

In this section, we construct triangulated categories of mixed Hodge complexes on an 
algebraic variety or an analytic space, together with a natural functor from the bounded 
derived category of mixed Hodge Modules to this category. 

2.1. Let X be a separated complex analytic space, and A a subfield of M. Let 
C^^iF{Ox, Diff, A; W) denote the category whose objects are 

K = {{Kf; F, W), {Ka, W), {Kc, Wy,aF, «a), 

where {Kp', F, W) is a bounded filtered differential complex with a finite filtration W such 
that DK^^{Kp; F, W) is holonomic in the sense of (1.3), (i^A, W) for A = A, C is a bounded 
complex of A-Modules with a finite increasing filtration W, and 

«A : (i^A.C, ^) ^ (^C, W^) for A ^F, A 
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is a filtered quasi-isomorphism of complexes of C-Modules. Here (Kp^c, W) is the under- 
lying filtered complex of C-Modules of {Kp; F, W) and 

A morphism u : K ^' L of C^^yF{Ox, Diff, A; W) consists of {up, ua, uc, u'p, u'a) where 

Uf:{Kf;F,W)^{Lf;F,W) 
is a morphism of filtered differential complex preserving W, 

UA : {Ka,W) ^ {La,W) forA = A,C 
is a morphism of filtered complexes of A-Modules, and 

u'A:iKX^C.W)^{Li,-\W){zeZ) 
are morphisms of filtered C-Modules for A = F, A, such that 

(2.1.1) ctA o ua,c — uc ° OiA = du'A + u'acL for A = F, A, 

where ua,c ■ {Ka,c, W) -^ {La,c, W) is induced by ua- 

A homotopy h : K ^ L[-l] of C^^^F{Ox, Diff, A; W) consists of (hp, Ha, he, h'p, H'a), 
where 

hj. : iK],;F,W) ^ {L'f';F,W[-l]) (z G Z) 

are filtered differential morphisms preserving W, and 

hA:{KX,w)^{rj;^\w[-i]) (zGZ) 

h'A:{KX^C.W)^{Ll-^W[-l]){zeZ) 

are morphisms of filtered A-Modules for A = A, C, such that they satisfy the following 
condition: 

If we put -Ua = dhA + hAd for A = F, A, C, and 

(2.1.2) u'a = dh'A — h'Ad + ctA o hA,c — ^c ° ctA for A = F, A, 

then u = {uf,ua,uc,u'p,u'a) : K -^ L is a, morphism of C^^yF{Ox,^iSj A;W). (Here 
{W[m])k = Wk-m in general.) 

The above u is denoted by dh + hd. A morphism u of C^^iF{Oxj Diff, A; W) is called 
homotopic to zero if u = dh + hd for some homotopy h. 

For a morphism u : K ^' L of C^^iF{Ox, Diff, A; W), the mapping cone M = C{K -^ 
L) consists of Ma = C{Ka -^ La) for A = F, A, C with 

FpMF = C{FpKF-^FpLF), 
^^■^■^^ WkMA = C{Wk-iKA ^ W^La) (A - F, A, C), 
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where a^ : C(Ka,c ^ -^A,c) —" C{Kc —^ Lc) for A ^ F, A is given by 

aA(x, y) = (ttAX, -Ua^^ + ttA?/) for x G i^A"!c' ^ ^ -^A,C- 
We define i^[l] = C{K -^ 0), and more generally iir[m] for m & Z to he 

{{KF[m];F,W[m]),{K[mU,W[m]),{Kc[m],W[m]);aF,aA). 

Then, as in [21], we have natural morphisms K ^ L ^ C{K ^ L) ^ K[l]. 

We get similarly C^^yF{X, V, A; W) replacing [Kf] F, W) by {Kd; F, W) a holonomic 
complex of filtered I^-Modules on X with a finite increasing filtration W, and {Kf,Cj W) 
by {Kx>,Cj W) := DRx(i^r>, W). Here DRx is defined by choosing a covering {Ui -^ Vi}i 
of X as in (1.3). 

We have also the notions of homotopy and mapping cone. A natural functor 

(2.1.4) DR3^i : CUF{Ox, Diff, A; W) ^ Ct,F{X, V, A; W), 

is obtained by using the filtered quasi-isomorphism DRxDR^^ (Kf, W) -^ {Kf,Ci W). 

Forgetting the filtration W, we have similarly C^„iF(Cx, Diff, A), C^^^F{X,V,A) to- 
gether with natural functors 

Grf : CLiF(Ox, Diff, A; W) ^ Cl,F{Ox. Diff, A). 

For K = {{Kv;F,W),{KA,W),{Kc,W);av,aA) G C^,,F{X,V,A;W), let WK de- 
note 

(2.1.5) {W{Kv, F; W{t]),PW{KA, W{t]y,a^^ o a^) G MF^oi{X, V, A; W), 

where 

a^^ o a^ : DRxH'(i^c, W[^) ~ ^rC{KA,c. W\i]) 

is an isomorphism in the category of filtered perverse sheaves Perv(X, C; VF). (See [2] 
for the perverse cohomology functor ^W, and (1.4) for MF^^oiiX^V^A^W).) Here F, W 
denote also the induced filtrations on l-CKx>, ^WKa, etc., and they are defined separately 
using the exact sequence WFpKx) -^ 'WKj) ^ TV' {Kj) / FpKxi) ^ etc. 
We have similarly WK G MFhoi(X, V, A) for K G Cl^xF{X, V, A). 

Remarks, (i) The morphisms of C^^^F{Ox, Diff, A; W), Cl^^F{X, V, A; W), etc. are stable 
by composition. In fact, w = vuis given by wa = f a^a, m^a ~ v'j^'Ua,c+vcu'j^. Furthermore, 
a u or V is homotopic to zero, so is w. For example, if v = dh + hd, then w = dg + gd with 
9a = h^UA, g'A = h'pUA,C + hcu'j^. 

(ii) For i^ G C^„iF(Cx, Diff, A; Ti^), we define a complex Ka for A = F, A by 

K)^ — K\ £ © Kc~^ with (i(a;, y) = {dx, aAX — dy). 
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For a morphism u : K -^ L, let 

UA-- Ka-^ La with ua{x, y) = {uax, u'aX + ucy). 
Then the condition (2.1.1) corresponds to duA = UAd. For a homotopy h : K ^> L[—l], let 

Ha: Ka-^ -^a[-1] with /ia(x, y) = {Hax, -H'ax - hey). 

Then (2.1.2) corresponds to ua = dhA + hAd. 

2.2. Definition. We say that K = {{Kv] F), {Ka), {Kc)]av, a^) G C^^iF{X, V, A) sphts 
in the derived categories in a compatible way if we have (noncanonical) isomorphisms 

(Kx>,F) ^0(H^(i^p,F))H] in D'F{Vx). 

(2.2.1) 

Ka ^ ^{pWKa) [-i] in D'{X, A) 

i 

for A = A, C in a compatible way with a-p, C(a- 

The category C^(X, A, n)x> of pure A- Hodge I'-complexes of weight n on X is the full 
subcategory of C^^yF{X, V, A) consisting of K such that K splits in the derived categories 
in a compatible way, and the Ti^K are polarizable A- Hodge Modules of weight i -\- n 
for any i. The category C\^{X,A)x> of mixed A- Hodge P-complexes on X is the full 
subcategory of Cl^^F{X, V, A; W) consisting of K such that Grf K e C^iX, A, k)v for 
any k. The category C^(X, A) of mixed A- Hodge complexes on X is the full subcategory of 
C^„iF(Cx, Diff, A; W) consisting of K such that BK^^K e C^{X, A)v. Then considering 
morphisms of C^(X, A,n)x), C\^{X,A)xi, C^{X,A) up to homotopy, we get respectively 
i^^(X, An)c, K\^{X,A)r,, K\,{X,A). 

If X is a complex algebraic variety, the categories /C^(X, A), /C^(X, A)x>, etc. are 
defined in the same way as above, where {Kf;F,W) is a bounded holonomic filtered 
(algebraic) differential complex on X with a finite increasing filtration W, {Kxi',F,W) 
is a holonomic filtered (algebraic) P-Module on X with a finite increasing filtration W , 
{Ka,W),{Kc,W) are filtered complexes on X^", {Kf^c^W) is the underlying filtered 
complex of C-Modules of {Kp, W^)^", and {Kv,c. W) = DRx(i^D, W). 

If X is an algebraic variety defined over a subfield k of C, the categories /C^(X, A), 
/C^(X, A)x), etc. are defined similarly, by assuming {Kp; F,W), {K-d; F,W) are defined 
over k. 

An object K of K^(X,A) or K^[X,A)x) is weakly acyclic if Ka is acyclic, and 
a morphism -u : i^ — > L of K^{X,A) or K^(X,A)xi is a weak quasi-isomorphism if 
Wyi : -RTa ^ La is a quasi-isomorphism forgetting W. (A weak quasi-isomorphism is not 
necessarily a filtered quasi-isomorphism for W.) 

Remarks, (i) The decomposition (2.2.1) implies that F on Kx> is strict. 
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If we define T>^[X, A,n)xi by inverting filtered quasi-isomorphisms (or, equivalently, 
weak quasi-isomorphisms) of /C^(X, A, n)x>, we see that the decomposition (2.2.1) is equiv- 
alent to (the existence of) a noncanonical isomorphism 

i 

because the uniqueness of the isomorphism is not in question. Here Ti^K = (Ti^Kj), 
^WKa, '^WKc) can be defined in V^{X,A,n)x> by using (2.7) together with the for- 
getful functor which forgets the filtration W. In fact, if we define K^^yF(X,T)j A) by 
considering morphisms of C^^^F{X,V, A) up to homotopy, and then D^^^F{X,V, A) by 
inverting filtered quasi-isomorphisms, we see that a natural functor l)^{X,A,n)x> -^ 
D^^yF{X, T>, A) is fully faithful. (Note however that we do not have well-defined func- 
tors Grf : V^^iX,A)j, -. V'^{X,A,nM 

More generally, let K,L E C^qjF(X, P, A), and assume that we have isomorphisms 
[Kv, F) ~ (Lx), F) in D^F{X, V) and Ka ~ La in D^X, A) (A = A, C) compatible with 
ac, aA. Then we have (M^, F) e C^F{X, V), Ma E C^{X, A) (A = A, C) with (filtered) 
quasi-isomorphisms (K-p^F) -^ (Mtj.F) ^ {L-p.F) in C^F{X,V), Ka ^ Ma ^ La 
in C^(X, A), which represent the given isomorphisms in the derived categories. Then 
replacing M^ if necessary, we have quasi-isomorphisms a a '■ Ma,c ~^ Mc for A = "D, A, 
which give a commutative diagram in K^{XjC). So we get filtered quasi-isomorphisms 
K ^ M ^Lin C^oiF(X, D, A). 

(ii) If X is algebraic, we have natural functors 

K^(X, A) -. K^(X-, A), K^(X, A)r, -. K^(X-, A)j,. 

(iii) In the definition of morphisms of C^(X, A), C^(X, A)x>, etc., we need the homotopy 
u'a (which was not used in [1] where X = pi) in order to construct a natural functor from 
the derived category of bounded complexes of mixed Hodge Modules to D^{X^A)x)- See 
(2.7) below. The decomposition (2.2.1) of Gr^. K is necessary to prove the stability by 
the direct image under a proper morphism (see (2.8) below), and has nothing to do with 
p-structure in [1] when X = pt. In fact, the latter was used in loc. cit. to identify the 
bounded derived category of polarizable mixed Hodge structures with a full subcategory 
of the bounded derived category of mixed Hodge structures. In the case X = pt, note 
that (2.2.1) is not necessary in the definition of D^{X, A), because it is not used in (2.10) 
below so that D!j^{pt,A) is equivalent to the category which is defined without assuming 
(2.2.1). 

2.3. Proposition. For K = ((K^; F, T^), (Ka, W^), (i^c, W^); «c, «a) G C|^(X,A)x), we 
have the weight spectral sequence 

(2.3.1) Ef'*^ = HP+'^Gr^pK => HP+'^K in MHW(X, A), 

which degenerate at E2, and whose di is strictly compatible with F. (See (1-4) for 
MHW(X, A).) Furthermore, {Kj); F, Dec VF) is strict in the sense of [14, 1.2] (i.e., bistrict. 
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see also (A. 2) below), and gives the Hodge and weight Gltrations on H^K. Consequently, 
a weak quasi-isonaorphisna K ^ L of C^{X, A)j)) induces a bihltered quasi-isonaorphism 

(2.3.2) {Kv; F, DecW) -^ {Lv; F, Dec W). 



Proof. This follows from (1.4) and (A. 3). 

Remarks, (i) In the case X = pt, (2.3) follows from [4]. 
(ii) The last assertion of (2.3) means 

(2.3.3) [Kv] F, DecW) is well-defined in DI^^F{X, V; W) for K G D^{X, A)v. 

This justifies the definition of D^[X,A), D^[X,A)x> by inverting the weak quasi- 
isomorphisms. 

The well-definedness of Dec W in the exact category implies for example that Dec 
commutes with Gr^ . See (A. 3). 

2.4. Proposition-Definition. The categories K^{X,A) and K^{X,A)xi are triangu- 
lated categories whose distinguished triangles are isomorphic to the images in K^(X,A), 
K^{X,A)T>of 

^K -^L^ C{K ^ L) ±i 

given in (2.1). The full subcategories ofK^{X, A), K^(X, A)x) consisting of weakly acyclic 
objects are thick subcategories in the sense of [21], and the associated quotient categories, 
which will be denoted by D^{X,A), D^{X, A)-r> are also triangulated categories whose 
distinguished triangles are as above. The functor DR^^ in (2.1) induces a natural functor 

DR],' : D'^{X,A) ^ D'^{X,A)t,. 



Proof. We prove the first assertion for K^(X, A), D^{X, A). The argument is similar for 
K!^{X,A)ry,Dil,{X,A)j,. 

For a morphism -u : i^ ^ L in C^{X, A), its mapping cone M = C{K -^ L) belongs to 
C^{X, A), because Gr^. M = {Gri^_iK)[l]Q)Gri^ L (since ua and u'^ preserve the filtration 
W). Then we can verify the axioms of triangulated category in [21] for K^{X, A). 

We see first that compositions of successive two morphisms of the triangle are homotopic 
to zero. For the composition of X — > L — i> C{K — * L), we have a homotopy h defined by 
hA{x) = (x,0) and /i^ = 0. We verify similarly C{id : K -^ K) = (i.e., id : C{id) -^ 
C{id) is homotopic to zero), using a homotopy defined by /ia(x, y) = {y, 0) and h'j^ = 0. 

For the invariance of triangles by shift, we can show for example that the projection 
C{u + id : K (B L ^ L) ^ K[l] is an isomorphism whose inverse v is given by va{x) = 
{x, —UAix), 0), v'j^{x) = (0, 'U^(x), 0), using the homotopy h : C{u-\-id) -^ C{u-\-id) defined 
by hA{x, y, z) = (0, z, 0), /i^ = 0. 
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If we have morphisms 

u:K^L, v.M^N, f : K -^ M, g : L ^ N mC^{X,A) 

and a homotopy h : K ^> -^[~1] such that gu — vf = dh + hd, then we have w : C{K -^ 
L) -^ C{M -^ N) by 

wk{x., y) = if AX, h^x + g^y) for A = F, A, C, 
w'a{x^ y) = {-fk^^ -h'^x + QaV) for ^ = F,A. 

So the mapping cone is unique up to a noncanonical isomorphism due to [21, 1.2]. Then 
we verify the octahedral axiom by showing the isomorphism 

C{C{K ^ L) ^ C{M -^ N)) = C{C{K ^ M) ^ C{L -^ N)). 

Then it is clear that the subcategory consisting of weakly acyclic objects is thick, and 
the remaining assertion follows from [21]. 

2.5. We are now going to construct a natural functor from the bounded derived category 
of mixed Hodge Modules D^M}iM(X, A) to the triangulated category of mixed Hodge 
r'-complexes D^{XjA)-]:>- We first construct a category C^jjj^(X, A) which is naturally 
equivalent to the category of bounded complexes of mixed Hodge Modules C^MHM(X, A). 
For A = A, C, let C*{X, A; G, W') be the category of bifiltered complexes of A- Modules 
{Ka;G,W') on X such that G, W are finite filtrations on K^, WGy-'qGy'^,Ka are A- 
constructible sheaves on X, and K^ satisfy the boundedness condition corresponding 
to * = +,-,6. Then K^{X,A;G,W'), D*{X,A;G,W') are defined as in [21]. Let 
K+'\X, A; G, W')inj be the fuU subcategory of K+{X, A; G, W) consisting of {Ka; G, W) 
such that Gr^Gr^/iiTX are injective A-Modules and 7Y'Gr^Gr^,KA = for i > 0. Then 
we have an equivalence of categories 

(2.5.1) K+'\X, A; G, li-Oinj = DliX, A; G, W). 

See [2] (and also (A. 7) below). 

Let MFi,o\{X,V-W') denote the category of filtered P-Modules (M, F) with a finite 
increasing filtration W on X such that the Gr]^ (M, F) are holonomic. We consider the 
category K-^^^ {X, V, A; G, W) whose objects are 

K = {{Kry;F,W')AKA;G,W'),{Kc;G,W');ar,,aA) 

where (Kx)] F, W) is a bounded complex of MFi^oiiX, V; W), {Ka] G, W) is an object of 
K+'\X, A; G, W)inj for A = A, C, and 

aA-. iKA,c;G,W') ^ {Kc;G,W') 
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is a bifiltered quasi-isomorphism in K~^(X, C; G, W) for A = V, A. Here 

(K^,c; G, W) = DRx{Kv; a, W), {Ka,c; G, W) = {Ka; G, W) ®a C, 

and a is the filtration "bete" in [4]. 

A morphism u : K -^ L oi Kt^^^F{X,'D, A]G,W') consists of {ux>,ua,uc) which are 
morphisms of C^F{X, V; W), K+lx, A; G, W), K+{X, C; G, W) respectively such that 

"A o wa.c = 'Sc o "A in K+{X,C;G,W') 



for A = Vj A, where ua,c '■ {Ka,c] G, W) -^ (-^a,c; G*, W) denotes the induced morphism 
by wa- (Here ux> is defined in C^qjF(X, "D; G, VF') because the homotopy must preserve 
the filtration a.) 

We define G^hmI-'^. ^) to be the full subcategory of K^^^F{X, V, A; G, W) consisting 
of K such that 

((K^; F, W), {Gr'aK A[jh W'),a^^ o a^) e MHM(X, A) 

where a^^ oax> '■ DRx(i^^, W) ^ {GvqKaIj], W) ®aC is an isomorphism in the category 
of filtered perverse sheaves Perv(X, C; W). 

Remark. For A = A, C, let iI>|!(A, A; Gbete, W^') denote the full subcategory of 
D'^{X, A; G, W) whose objects satisfy the condition 

Gr'^Gr'^, K[j] G Perv(X, A) for any j, k. 
Then we have a filtration W on K :— Gr^Kfi] e C such that 

(2.5.2) {W"'/W'^)K' = Gr'a{W"'/W'^)K[i] in Perv(X, A). 
So we get a functor 

(2.5.3) Grc : DI{X, A; Gbete, W) -^ G^Perv(X, A; W), 

where the right-hand side is the category of bounded complexes of filtered perverse sheaves. 
See (A. 4) below. Furthermore, (2.5.3) is an equivalence of categories. See (A. 5) below. 
For the full faithfulness of (2.5.3), we use the spectral sequences 

£{'"= n E^t%,^^,^.,^,^{Gvh{K,W')[i],Gv^^{L,W')[j]) 

j-i=p 

(2.5.4) =»Ext^+/(^^^^^,)((i^,Vr'),(^,VrO), 
Ef''^ = (same as above if p > /c, and otherwise) 

=^ExtS-V,A;G,w")((^;^'^')'(^;^W'^'))' 
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such that i?f'^ = for g < 0. See (A. 5. 3). Note that the edge morphism to E^'*^ of the 
second spectral sequence is induced by the passage to Gr^ (i.e. by the functor (2.5.3)). 

2.6. Proposition. We have naturally an equivalence of categories 

C^hm(^,^) = C'MHM(X,A) 

where the right-hand side is the category of bounded complexes of mixed A-Hodge Mod- 
ules. 

Proof. Since (2.5.3) is an equivalence of categories by (A. 5), we see (using (2.5.1)) that 
K+^fF{X,V,A;G,W') is equivalent to the fiber product of C^MFi,oi{X,V;W') and 
C^Perv(X, A; W) over C^Perv(X, C; W). This is the category consisting of pairs 

(M, F; W) G C^MHhoiiX, V; W), (Ka, W) G C^Perv(X, A; W') 

with a given isomorphism 

a : DRx(M, W') - (Ka, W) ®a C in C''Perv(X, C; W). 

So the assertion is clear by definition of Cli^-^{X, A). 

2.7. Theorem. We have a natural functor 

(2.7.1) e : D^MRM{X, A) -^ D^{X, A)j), 

where the left-hand side is the derived category of bounded complexes of mixed A-Hodge 
Modules. 

Proof. We prove the assertion in the case X is an analytic space. The argument is similar 
in the case X is algebraic. 

Using the truncation r<i for i large enough, we can replace the bounded condition 
for (KajW) (A = A, C) in the definition of K^{X,A)xi by the cohomological one (i.e., 
WGij^ Ka = for A = A, C if j is large enough). Then we have naturally a well-defined 
functor 

(2.7.2) CU^iX,A)^K!^iX,A)T,. 

In fact, we may change the above definition of K-^^^ F{X^ "D, A; G, W') so that 
(Ka; G, W') G Cp\X, A; G, W%^, for A = A, C, 

ttA is a morphism of C^{X, C; G, W') for A = P, A, and wa is represented by a morphism 
u\ of C^{X, A; G, W') for A = A, C. So a\ o -ua.c = 'W-c ° ctA holds up to homotopy in 
C"'"(X, C; G, W'), and we consider morphisms u = {ux), ua, uc) up to homotopy in the sense 
that u and v are homotopic if u\ and v\ are homotopic in C^{X^ A; G, W') for A = A, C 
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and ux> = vj). (Note that these homotopies are not given, but the homotopies -u^ in the 
definition oiC^{X,A)j) are given. For the weU-definedness of (2.7.2), the diff'erence must 
be absorbed by the homotopy h.) 

Let W be the convolution of G and W, i.e., Wk = Ylj G^Wj^j^j, where G = a on Kt>. 
Then 

{{Kv; F, W), (Ka, W), (Kc, W);av. a^) 

belongs to C^{X,A)xi, because the decomposition (2.2.1) is satisfied by 

(2.7.3) Grr = 0Gr^^Grr+;-. 

i 

Here WGr{.Grf' Kf, = and WGi^Ka = for ^ > with A = A, C by assumption. 
Furthermore, we have 

ctA o ua,c ~ uc o c^a = duA + u'acI with u'a G G^VFoHom" {Ka,Ci -^c) 

for A = "D, A, and they give a morphism u in C^{XjA)x>- (In fact, an element of 
G^WQ}ioui~^{KA,CT Lc) preserves G,W' and hence W .) Here moni {K a,c-, L^) denotes 
a complex as in (A. 5). We have to show that u is unique up to homotopy. 

Assume we have va which is homotopic to ua for A = A, C. Put vj) = ux>- We define 
v'a as above for A = "D, A so that we get a morphism v in C^{X, A)x>- Then 

Ua — va = dhA + hAd with Ha G C'^VFoHom" (i^A, La) 
for A = A, C by assumption. Put hxi = 0. We consider 

wa = u'a-v'a- cxAO hA,c + /ic o "A G G^WQRom'^ {Ka,c, Lc) 

for A = V, A. Then dwA + WAd = 0, and 

wa = dh'A — h'Ad with H'a G C'^VFoHom" {Ka,Ci Lc), 

because H~^G^WQ}iom* {Ka,Cj Lc) = by the second spectral sequence of (2.5.4) with 
k = 0. So -u — t) is homotopic to zero in C^{X, A)xi, and (2.7.2) is well-defined. 
Now we have to show that (2.7.2) induces 

(2.7.4) i^''MHM(A:, A) -^ K\^{X, A)^, 

i.e., u is homotopic to zero in C|^(X, A)x>, if it corresponds to a morphism of C^MHM(X, A) 
which is homotopic to zero. Let (i^A, W) be the image of [Ka] G, W) by (2.5.3), i.e., 

{W'JWI,)K\ = Gr\,{W'jW;,)KA[i] in Perv(X, A). 
Put (K-D] F, W) = {Kt>] F, W). (Similarly for L.) Let 

7^^:(Zi,;F,VF0^(X^"';F,VF'), 

hA : (K\, W) ^ (r~\ W) (A = A, C) 
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be homotopies which are compatible with GrcctA for A = V, A, i.e., 

GrGttAo/iA.c = hcoGraaA in Perv(X, C), 

where hx>,c = DR-xI^d) and hA,c = ^a ®a C. (This condition is satisfied because the 
homotopies come from a homotopy of mixed Hodge Modules.) 

Let Ha = dhx + hi^d for A = "D, A, C. Then by the second spectral sequence of (2.5.4) 
with /c = 0, there exist morphisms in C^{X, A; G, W) : 

ua:{Ka;G,W')^{La;G,W') forA = A,C, 

such that ua is the image of ua by (2.5.3) (i.e., Ua = GrcWA) for A = A, C. Put u-d = ux)- 
The image of ua in H'^G~^WQ}lova' [Ka, La) is zero for A = A, C due to the spectral 
sequence (with k = —1), because ua in ilf °G'°VFoHom(i^A, -^a) corresponds by the edge 
morphism (i.e. by Gr^ or (1.5.3)) to ua ^ E^' of the second spectral sequence of (1.5.4) 
with /c = 0, and ua & E^' in the spectral sequence with /c = — 1 is the image of /ia by di. 
So there exists a homotopy 

/lA G G"^W^oHom-^(KA,i^A) 

such that wa = dhA + /iAt? in Hom {Ka, La) for A = A, C. Put /ip = Zip- 
Here we may assume Grc/iA = ^A by replacing Ka if necessary. In fact, let 

VA = GrchA - /lA e WQRom~^{KA, La) 

for A — A^C. Then (i^JA + Ua*^ = in Hom {Ka, La)- Using the second spectral sequence 
as above with k = p + q = —1, we have 

^A e H-'G-^W^}iom'{KA,LA), 

such that Gtqva — va- So modifying Ha by va we have Gr^/iA = /^a for A = A, C. 

Now we show that wp, Wyi, uc are extended to a morphism of C\^{X,A)x>- Using the 
spectral sequence with /c = again, we have 

"A o^A.c -wc o«A = in i7°G°VF'oHom*(KA,c,-^c), 

because its image irvE^' = VKgHom (i^A.c, -^c) by the edge morphism is zero and -Ef''^ = 
for p < or g < 0. So there exists 

u'^eG^W(,Rom-\KA,c,Lc), 

such that aAO'UA,c — 'U'C°aA = du'^ + u'^d. Then -u = (wx'jW.AjWc "Ux)? "^a) gives a morphism 
ofC^(X,A)x,. 

We have to show that u is homotopic to zero. Let 



w\ = Wa - "A o hA,c - he o aA e G ^VF'oHom ^{Ka,c, -^c) 



4 
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for K^V.A. Then dw'^ + w'p^d = 0, and 

GrG^A = -GrcttA o hA,c + he o GrcttA = 
in W(^Hom~ {Ka,CiLc) by assumption on Ha- This imphes 

w'a = in H-^G-'w;,Ilom'{KA,c. Lc), 
by the second spectral sequence as above with k = —l^p + q = —1, and we have 

h'A e G-^W;,Ilom-^{KA,c.Lc), 

such that w'a = dh'A — h'Ad. Then h = (hj) , Ha, he, h'-j-,, h'j^) satisfies u — dh + hd. 
So we get (2.7.4). It is clear that this induces (2.7.1). 

2.8. Proposition. Let f : X ^ Y be a proper morphism of algebraic varieties or 
a projective morphism of complex analytic spaces. Then the direct image functors for 
filtered differential complexes, filtered complexes of T) -Modules, and complexes of A— or 
C-Modules induce the direct image functors for mixed Hodge complexes 

(2.8.1) f,:D'^{X,A)^D'^{Y,A), f^ : D\,{X, A)t, ^ D'^{Y,A)t,, 

in a compatible way with DR~ . In the algebraic case, they are also compatible with the 
direct image of mixed Hodge Modules [15] via the functor e in (2.7). 

Proof. The direct image is defined by using the canonical fiasque resolution of Godement 
which is truncated by r<i for i large enough. This induces the functors in (2.8.1) by (iv) 
of (1.4). The compatibility of the direct image with DR~ is clear. 

So it remains to show the compatibility with e. Let M* be a bounded complex of mixed 
Hodge Modules such that W f^M^ = for z 7^ 0. It is enough to construct a natural 
isomorphism 

(2.8.2) £/,M* = f,eM' 

in a functorial way for M*. 

By definition f^M' is the complex whose j-th component is H^f^M^. Let K = f^sM' G 
D^[X, A)x>, and G be the filtration on K induced by a on M* as in the proof of (2.7). 
If M^ = for j 7^ 0, the isomorphism (2.8.2) is obtained by using the truncation t on K 
(see Remark (i) after (2.9)), because TC^K = for i 7^ 0. In general, we have to use the 
truncations relative to the filtration G, which are DecG, Dec*G in [1], [4]. We can construct 
these in our situation. See (2.9) below. Then we have the weak quasi-isomorphisms 

(2.8.3) {Dec G)^K/ {Dec* G^K ^ {Dec G)^K -^ K, 

Here the first term is the mapping cone of (Dec* G)~^K -^ {DecG)^K where W is not 
shifted as in (2.1). So we get the assertion, because the first term is isomorphic to ef^M' . 
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2.9. Let C^{X, A; G)xi denote the category of objects of C^(X, A)x) with a finite filtration 
G. An object of C^(X, A- G)v is 

K = {{Kv;F,W,G),{KA;W,G),{Kc;W,G)-aT,,aA) 

such that the three filtrations F, W, G on Kx) are compatible in the sense of [14] (see also 
(A.l)), and {G'/&)K belongs to C^{X,A) for any i < j. Here {G'/G^)K denotes 

{aGy&)KT,; F, W), {{G'/G^)Ka. W), {{GyG^)Kc. W); a^, a^). 

A morphism of C^{X,A;G)ti is a morphism of C^{X,A)xi such that ua,u'j^ pre- 
serve G (similarly for homotopy). A weakly acyclic object is filtered acyclic for 
G. A weak quasi-isomorphism is a filtered quasi- isomorphism for G. We can define 
Ki^iX, A; G)v, D\^{X, A- G)v as before. 

If K G C\^{X, A; G)xi satisfies ^Ti-^Gr^Gr^, Ka = for i 7^ j, and there exists a filtration 
W on K^), i^A, -^Cj such that VF is the convolution of W and G (see the proof of (2.7)), 
then we have M' e C''MHW(X, A) such that 

where the isomorphism DRxiH^Gr^Kj)) = {PT-i^Gr^KA) ®a C is induced by ctx), ctA- 
Furthermore, eM* is isomorphic in K^(X,A) to K with G forgotten. 
Using Remarks (ii), (iii) below, we have for K G K^(X, A; G)x> 

{DecGrK eK!^iX,A;G)v 
with a morphism (DecG')"'K -^ K in K!^{X, A; G)^, where (DecG')"'K is 

(((Dec G')-Kp; F, VT, G), ((DecG')'"KA; W^, C), ((DecG')-Kc; VT, G)), 

and {DecG)'^Kx): {T>ecG)^K\ for A = A, C are as in Remarks (ii), (iii) below. (Here 
we assume that Gr^t. Gt''qKj\^ are injective for A = A, C as in the proof of (2.7).) By 
Remark (ii), (DecG)^K is essentially unique in K^[X,A]G)x>- In fact, if -ftTa ^^ K [a = 
1,2) satisfies the condition of {DecG)^K, we have K^ -^ K satisfying the condition of 
{DecG)^K together with morphisms K^ —^ Ka (a = 1, 2) compatible with the morphisms 
to K in K^{X,A;G)-z) (and the independence of K3 can be proved). We have also the 
functoriality of (DecG)^K. In fact, for a morphism K ^ L in K^{X,A;G)j), we have 
a unique morphism (DecG)^K — ^ (DecG)"^L in K^(X, A]G)x> giving a commutative 
diagram. We have a similar assertion for Dec*G. 

Remarks, (i) In the case the filtration G is trivial (i.e., Gr^i^ = for z 7^ 0), we get 
the truncation T<:rn on the mixed A- Hodge P-complexes. The proof is by induction on the 
length of W. See Remark (iv) below. In the case X = pt, this can be applied to the mixed 
Hodge complexes in the sense of [4]. 
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(ii) Let D''^{X; A; G, W) be the full subcategory ofD^X, A; G, W) (see the proof of (2.7)) 
consisting of objects (K; G, W) such that Gr;gGr^iir G D^{X; A). Then there exists the 
t-structure (D^", D^^) on D^(X; A; G, W) such that {K; G, W) E L*^" (resp. D^^) if and 
only if 

PWGr^(jW''K = for i > j + a (resp. i<j + b). 

In fact, if X is a point, we have the desired t-structure using DecG in [4]. The argument 
is similar (up to a shift of t-structure) if WGr-QGiy^K are local systems. In general, let 
Z he a pure dimensional smooth closed subvariety of X such that WGr^Gvyy K\z are 
local systems. Let U = X\Z with natural inclusions i : Z ^ X,j : U -^ X. Assume we 
have the desired t-structure on U and Z by induction on strata. Then the condition of 
{K; G, W) e D-" on X is equivalent to 

PWeGr'^W'^K = for i > J + a, 
PWfG4.W''K = for z > J + a. 

This is equivalent to i*{K]G,W) G D^'',j*{K;G,W) G £>-", and similarly for D^K 
So the assertion follows from the gluing argument of t-structures in [2]. The associated 
truncation f<m is denoted by (^DecG)""^. We have the dual t-structure {'^D-"-,^D-^) 
where ^WGiqW^K is replaced by ^WGiq^K /W^ K) in the condition. The associated 
truncation f<m is denoted by (PDec*G)~"^. 

(iii) Let (M, F) be a complex of filtered "D-Modules with decreasing finite filtrations 
W, G such that F, W, G are compatible on M^^y for any {U ^ V} e LE{X) (see (1.3)) 
in the sense of [14] (see also (A.l)). Let G' = DecG. See [4] (and also (A. 3)). Assume 
the three filtrations F, W, G' on Gr^M^^y are compatible. (This condition is satisfied in 
the case of mixed A-Hodge "D-complexes by Remark (iv) below.) Then the four filtrations 
F, W, G, G' on M^j^y are compatible. In fact, it is enough to verify that natural morphisms 

F^W'^G'^^G^Mij^y -^ FPW^G"iGx\.MJj^y 

are surjective by [14, 1.2.12]. But this follows from the compatibility of the filtrations 
F, G, W on M^^y, because the latter implies the surjectivity of 

FPW'^G'Mij^y -^ FPW'^Gr'aMij^y 

by loc. cit, and G"^G^Mlj^y is the inverse image of G'^Gr^M^^y by the projection 
G^Mij^y ^ Gv'aMij^y. 

Similar argument applies to the dual notion Dec*G. See (A. 3). 

(iv) Let C,A be as in (A.l) where (A. 2. 2) is assumed. Let (K, W) be a complex of C 
with an increasing finite filtration W. Then for k E Tj^ WkK is strict if Wk-iK^ Gvi^ K 
are strict and the morphism H^Grj^ K -^ H^^^Wk-iK associated with the distinguished 
triangle 

^ Wk-iK -^ WkK -^ GiYk -^ mA 
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is a strict morphism in C. 

Assume WkK and Gr^ K are strict and H^Gv)^ K -^ H^^^Wk-iK are strict morphisms 
of C for any k. Then the induced filtration W on the canonical truncation T<:mK in A 
gives a filtration in C (i.e., Gr^^ T<mK'^ E C, where T^rnK"^ = Kerrf"^). This follows from 
the snake lemma applied to 







Wk-iK^ 



Wk-iK^+^ 



WkK^ 



WkK- 



j+i 



Grfi^^^ 



-^ GrfK^+i 



-^ 



-^ 



because KerGr^rf^ -^ Coker I4^fc_id-^ is factorized by WGr^K ^ W+^Wk-iK, and 

Ker Grf rf^ -^ WGr^K, W+^Wk-iK -^ Coker W^fc_irf^' 

are strictly surjective or injective morphisms. 
We have furthermore 

H^WkT<mK = H^WkK for j < m, and otherwise. 
if""Grf r<^K = Coker{H'^Wk-iK -^ H'^WkK) 
= Ker{H'^GrYK -^ H'^+^Wk-iK) 

using the morphism of long exact sequences 



H^Wk-ir<^K 



H^Wk-iK 



H^WkT<mK 



H'^WkK 



w , 



H^Grl'T<^K 



H'^GrfK 



H^+^Wk-iK. 



We have the dual assertion using 

^ Gr^K ^ K/Wk-iK -^ K/WkK -^ 
instead of -^ Wk-iK -^ WkK -^ Gr^K ^. 

2.10. Proposition. Assume X = pt. Let MHS(A)^ be the category of (graded) polariz- 
able mixed A-Hodge structures, which is naturaUy identified with MHM(pt, A). See [15]. 
Then a natural functor 

e : I^^MHS(A)P ^ D\^{pt,A) (= D\^{pt,A)v) 

in (2.7) (which is trivial in this case) is an equivalence of categories. 

Proof. For a polarizable mixed A-Hodge structure H and a weak quasi-isomorphism K -^ 
L in C\^{pt, A), we show the isomorphism 



(2.10.1) 



Hom^b {H, K) ^ Hom^i (if, L) 
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where K^ means K^{pt,A), and MHS(A)p is naturally identified with a subcategory of 
C^{j>t, A). Let A^ be the Hodge structure of type (0, 0) whose underlying A-module is A. 
Then the assertion is reduced to the case H = A^ by replacing K with H* ®K^ where H* 
is the dual mixed Hodge structure of H, and L := H* ^ K is defined by L\ = H^ ® K\ 
for A = F, A, C. (Here Hf = He.) Since K^{pt, A) is a triangulated category, it is enough 
to show that if K is weakly acyclic, we have 

(2.10.2) Hom^b (A^, K) = 0. 

Let u = {uf, ua, wc, u'p, w^) : A^ ^ K he a morphism of C^{X, A), and put 
mA = waI (A = F,A,C), m'j^ = u'j^l {A = F,A). 
Then m = {ttif, tua, tuc, nip, m^) belongs to 

FoWoK^F © WoKl © WoK^ © WoK^^ © WoK^^ 
and satisfies 

dm A = (A = F, A, C), a Am A — mc = dniA (A = F, A), 

where aA denotes also its composition with the natural inclusion Ka -^ Ka,c- 

Let h = (/li?. Ha, he, h'p, h'^) : A^ -^ -^[^1] be a homotopy, and put 

nA = /iAl (A = F,A,C), riA = /ia1 (A = ^,^)• 
Let W = BecW, W" = Dec*^'. See (A.3). Then n = {nF,nA,nc,n'p,n'^) belongs to 
FoW^K-^ © W^K^^ © W^o^c ' © WiK^^ © W^K^^, 

and satisfies 

a An A -nc + dn^ e WqK;^'^ (A = F,A). 

By (2.1.2), the condition u = dh + hd corresponds to the relation 

niA = duA (A = F, A, C), m'^ = dn'^ + a An a — "H-c (A = F, A). 

Let Z (resp. i?) denote the group consisting of m (resp. n) satisfying the above conditions. 
Then we have the morphism (p : R ^ Z by the above relation so that Coker (p is isomorphic 
to Kouij^b^A^ , K). We have furthermore 

(2.10.3) RomKb{A^, K) = Coker cj) = Coker cj)' . 
where the morphism (p' : R' ^ Z' is defined by 

{nF,nA, n) -^ {dfiF, dfiA, dn' + aF^iF — ctA^yi), 
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with 

Z' ={(mF,mA,m ) e FqWqKI © WqK\ © W^K^^ : 

(irfiA = (A = F, A), apifip — aArfiA — dm' = O}, 

(in' + apfip — a An a G W^o-^c ""^j- 
Note that the conditions imply 

aprhp — aAfiiA G VFi^K^i, aphp — aA^iA £ VFi^KjJ"'^. 

For the proof of (2.10.3) we have the surjective morphisms qz '■ Z ^ Z',q^ : R ^ R' 
defined by 

m — > {mp, ruA, rn'p — tr'a) (same for n). 

so that qz4> = 4>'q.R s^nd (j) : Ker q^ — * Ker qz is surjective. 

Now we have to show Coker (/>' = if i^ is weakly acyclic. Take {rfip, rfiA, tti') G Z' . By 
definition of W , W" we have 

WiKX/W;:_,KX = H^GrY_,K^. 

It is the i?i-term of the weight spectral sequence (2.3.1), and the i?i-complex is acyclic 
by the acyclicity of K and the -E2-degeneration of the spectral sequence. By definition of 
Z', the images of rhp and rfiA in H^Gr^ Kc coincide, and di of the spectral sequence is a 
morphism of Hodge structures. So we may assume 

rhp e F^W'1^K%, fhA e W'1^K\, 

by replacing m with m — (j)'{n) for some n = {np, n^, nc} G R' such that 

np e F'^W;^K^\ fiA e Wl,K^\ 

In fact, we have hp G FoW^Kp^, ua G WqK^^ such that rfiA — duA G VFi\ for A = F, A 
and the images of np, ua in H~^GyY Kc coincide, i.e., 

aphp - aAfiA G W'l^H^^ = diWiK^"^) + WqK^^ . 

Then we can choose h' such that the condition of R' is satisfied. 

We may assume furthermore rfiA = for A = F, A by replacing m with m — (p'{h), 
because F^W^'Kp, W^'Ka are acychc, and diF^W^l^K'^) = diF^WoK'^), etc. Then 
the assertion follows from the acyclicity of W'J.iKc- This proves (2.10.1-2). 

So we get the isomorphism 

(2.10.4) Hom^b (if, K) ^ Hom^ji, (if, K) 
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for H G MHS(A)P, K G C^{pt, A), where D'' means D^{pt, A). Then using the truncation 
r in (2.9), it is enough to show 

HouiKbiH', H[i]) =0 for i > 1, 
(2.10.5) HomMHS(A)p(i^', H) = Hom^.(if', H), 

E^tl,^siA)AH\H) = IiomK.{H',H[l]), 

for H, H' G MHS(A)P. Here we may assume H' = A^ as before. Then the first two 
assertions are clear by (2.10.3), and the last is reduced to the following : 

For H = {{He; F, W), {Ha, W)) G MHS(A)p, we have 

Exti,HS(A)p(^'', H) = Cokev{{F'^WoHc © M^o^a)^°^ ^ W-iHc), 

where {F^WqHc © WqHaY^'^ = Ker{{F'^WoHc © WqHa) -^ Gr^Hc). 
This can be verified, for example, by using 

Exti,HS(A)p(^'', W-^H) = Cokev{{F'^W-iHc © W-iHa) -^ W-iHc), 

(see [3], [13])) together with the long exact sequence associated with — > W-iH -^ 
WqH -^ Gr^H -> 0. See also [1, 2.2]. 

We can show that the last isomorphism of (2.10.5) is actually induced by the functor e, 
by using the quasi-isomorphism H[l] -^ C{H -^ A^), where ^ H -^ H ^ A^ ^ is 
an exact sequence of MKS {A)p. 

Remark. The reader may notice the difference between the proofs of (2.10) and [1, 3.4]. 
In the latter, Hom^b(iif, K) depends on the resolution of K, and the effaceability of F^ in 
loc. cit is shown by taking a good resolution of K. The mixed Hodge complexes on pt in 
this paper are closer to those in [4] and also to p-Hodge complexes in [1] . It may be easier 
to prove Lemma 3.11 in [1] by showing the effaceability of F^ as in the proof of 3.4, than 
showing that the constructed functor is a right quasi-inverse. 



Appendix to §2 

We review here some facts from the theories of compatible filtrations [14] and the realization 
functor [2]. 

A.l. Let A be an abelian category. We say that -Ei, . . . , -En are compatible subobjects 
of i? G ^ if there exists an n-ple complex of short exact sequences {K'^} (i.e., K'^ = if 
\ui\ > 1 for some i, and K'^~^^ — > K'^ -^ j^j^+ii ^^-g exact for any u G Z"-) such that 

where the j'-th component of li G Z"^ is 5i^j. We say that filtrations Fi, . . . , F^ of F G 
A are compatible filtrations, if Ff^E, . . . , F^^-E are compatible subobjects of F for any 
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Pi, . . . ,Pn G ^- Let F^{A) denote the additive category of objects of A with compatible n 
filtrations. We say that 

0^(M';Fi,...,F„)^(M;Fi,...,F^)^(M";Fi,...,F^)^0 

is a short exact sequence of F^{A) if 

^ Ff ^ . . PP-M' -^ Ff' . . . FP-M -^ Ff . . . FP"M" -^ 

are exact in A for any — oo < Pi < +oo. Then Ffl{A) is an exact category with those exact 
sequences. See (A. 2) below. 

For (M; Fi, . . . , F„) G F^{A) and pi G Z, we see that there exists an n-ple complex of 
short exact sequences {K'^} such that 

Ff' ...FP-M = K°, Ff' . . . Ff'^^ ...FP-M = K'^K 

This implies the commutativity of Gr^" (1 < ^ < ?^), because the restriction to z/^ = 1 
corresponds to the passage to Gr^* . 

A. 2. Let C be an exact category. We choose and fix an abelian category A such that 
C is an additive full subcategory of A which is stable by extensions in A, and the short 
exact sequences of C are the short exact sequences of A whose components belong to C. 
A morphism -u of C is called strict if it has a factorization u"u' such that u' is a strict 
epimorphism and u" is a strict monomorphism, or equivalently, if Ker 'u,Im'u, Cokerw in 
A belong to C. 

A filtration F of F G C is a filtration of F in ^ such that 

pPE/F'^E eC for -oo<p<q< +oo. 

(See [14, 1.3.1].) Let F{C) denote the category of filtered objects of C, where 

-^ (F', F) -^ (F, F) -^ (F", F) ^ 

is called exact if it is filtered exact in A, or equivalently, if 

-^ FPE' -^ FPE -^ FPE" -^ 

are exact for any — oo < p < +cxd. Then F{C) is also an exact category. In fact, F{C) is 
a full subcategory of the abelian category F{A) whose objects are {MP}pg2u{-oo} ^ 11-^ 
with morphisms MP -^ M'^ (oo > p > q > — oo) compatible with compositions. Let 

F"(C) = F(F"-\C)) (n>0), F\C)=C. 

(Similarly for F'^{A).) Then F'^{A) is a full subcategory of the abelian category F'^{A) 
satisfying the above conditions. 
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If C is an abelian category A, we have an equivalence of categories 

(A.2.1) F-{A)=F:i{A) 

in the notation of Remark above. 

We say that a complex i^ of C is co homo logically strict relatively to A if H^ K in A 
belong to C, and strict if d^ : K^ -^ K^~^^ and Imii-'"^ -^ Ker d^ are strict. 

We assume for any complex i^ of C: 

(A. 2. 2) K is strict if and only if K is cohomologically strict relatively to A. 

This condition is satisfied if C is F^{A) as above. See [14, 1.2.4]. 

Remark. In the case n = 2, for example, this notion of strictness (i.e., the bistrictness) is 
different from the separate strictness (i.e., the strictness for each filtration). If we define 
Ker, Coker, Im, Coim in F2{A) = F2{A) as usual, and define the strictness of a morphism 
by Im = Coim, then we get the separate strictness. For the correct definition of bistrictness, 
we cannot avoid the problem of three filtrations, because the third filtration is defined by 
Ker or Im. (This becomes necessary, for example, when we define the truncation r on a 
mixed Hodge complex in the sense of [1, 3.2].) 

A. 3. With the above notation and assumptions, let i^ be a complex of C with a decreasing 
filtration G. Assume 

(A.3.1) Gri^d : Gr'^K^ -^ Gri.K^+^ are strict for any ij. 

Then DecG is defined by 

(A.3.2) (Dec GYK^ = Ker{d : G'+^ K^ -* Gr'+^K^+^). 

(See [4] in the case C = A.) More precisely, it is defined in A, and belongs to C, because 

G'+^+^K^ C (Dec GYK^ C G'+^ K^ with 
(Dec GYK^/G'+^+^K^ = KerGr'+^d, 
G'+^ K^/ (Dec GYK^ = Coim Gr^^^d. 

(See also [14, 1.3.7].) Similarly Dec*G is defined by 

(A.3.3) (Dec*^)^^^' = G'+^ K^ + lm{d : G'+^'^K^'^ -^ K^), 

and (Dec GYK — > (Dec* GYK is a quasi-isomorphism in A. (This does not hold if Gr^d 
are not strict. See (2.9).) Note that Dec (i.e. the passage of G to DecG) commutes with 
an exact functor from C. For example, if C is the category of filtered objects (M, F) of an 
abelian category, Dec commutes with the functor (M, F) — > F^M/F'^M. 
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Remarks, (i) Assume G is a finite filtration, and tlie complexes GtqK and {Er, dr) (r > 1) 
of the spectral sequence associated with G (which is defined in A) are strict so that the 
i?^'^ belong to C inductively. Then E'^^ G C so that we have a spectral sequence in C, and 
K is also strict by (A. 2. 2). (This is a generalization of the lemma on two filtrations in [4].) 
(ii) If furthermore the spectral sequence degenerates at E2, then [K, DecG) is cohomo- 
logically strict, because it is strict as a filtered complex of A by the -E2-degeneration of the 
spectral sequence [4] and we have 

(A.3.4) Gr\,,,aH'K = E^^^^-^eC 

so that {WK,T)ecG) G F{C). (This can be applied to {K-d^F^W) in (2.3) where G = 
W,C = MF{Vx) and A is the category of graded Fp'Dx-Modules. Here X is assumed 
smooth by taking a local embedding, because the assertion is local.) 

A. 4. Let A be an abelian category having enough injectives. We denote by C*{A] G, W) 
the category of complexes of objects of A which satisfy the bounded condition corre- 
sponding to * = +,—,6, and have two finite filtrations G,W. We define K*{A]G,W), 
D'^iAG.W) as in [2], [21]. (Similarly for C*{AW), K''{AW), D*{AW), etc.) Let V 
be a triangulated full subcategory of D^(^) which has a t-structure whose heart is denoted 
by C. See [2]. Let D^{A] Gbete, W) denote the full subcategory of D^{A G, W) defined by 
the condition : 

(A.4.1) Gr^cGr^K[j] G C 

for [K- G, W) G D\A] G, W). This implies 

Gr'^{Wyw')K[j] G C, 

and we get a filtration W on K := Gr QK[i] G C such that 

(A.4.2) {WyW^)K" = Gr'G{W''/W^)K[{\ in C. 



Using the short exact sequence -^ Gr^ -^ GYG*+^ -^ Gvq -^ 0, we have the morphism 

d : (k\ W) -^ (K'^\ W) in C such that d^ = 0. See [2, 3.1.7]. (Note that, if the filtration 
G on K^ splits in a compatible way with W (by replacing {K; G, W) with an injective 

resolution, see (A. 7) below), then we get a representative of d : {K , W) -^ {K , W) as 
in the construction of ip in [21, 2.4].) 
Thus we get a functor 

(A.4.3) D\A; Gbete, W) ^ C\C; W) 

such that W^/W^ of the image of {K; G, W) by (A.4.3) is naturally isomorphic to the 
image of {{W''/W^)K, G) G D\A Cbete) by the functor 

(A.4.4) I^^(^;Gbete)^C^C 
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in [2]. By the same argument as in [2, 3.1.8], (A. 4. 3) is an equivalence of categories. (See 
(A. 5) below.) Taking the composition of the quasi-inverse of (A. 4. 3) with the forgetful 
functor which forget the filtration G, we get 

(A.4.5) C''{C;W)^D\A]W), 

and this induces 

D^{C;W) ^D\A;W). 

The argument is the same as in [2, 3.1.10]. In fact, (A.4.5) factors through K^{C;W) 
(using the morphism of the spectral sequences in (A.5)), and preserves mapping cones. So 
it is enough to show that if the image of Gryy{K, G) by (A. 4. 4) is acyclic for {K; G, W) E 
D''{A;G\jetei W), then Gr-^K is acyclic. But this is proved in loc. cit. 

A.5. Proposition. With the above notation, the functor (A. 4. 3) is an equivalence of 
categories. (See [2, 3.1.8] for the case W is trivial.) 

Proof. Let {K;G,W) G C\A;G,W), mG,W) G C+{A;G,W) such that they are iso- 
morphic to objects of D^{A:, Gbete, W) in D~^{A:, G, W) and the components of Gr;gGr^;j/L 
are injective. Then we have 

(A.5.1) {GrP^Rom' {K,L),W)= JJ (Hom'(Gr*G^,Gr^gL),W^), 

(see (A. 7) below), where Hom*(i^, L) is a bifiltered complex whose i^^ component is 
nm-n=i Hom(iir", L"^), and has the filtrations G, W in the usual way. We have further- 
more 

^^^DnA-w)((K^ ^)' (^' ^H)) = Hm^Rom\K, L), 

(A 5 2) ^-^'^^ ) 

Ext^D+(^;G,H/)((^; ^' ^)' (^; ^W' ^N)) = H^G'^W^Rom'iK, L), 

where Ext'^^^_^,^^{{K, W), (L, W[m])) = Hom^+(^.^)((K, W), {L[jI W[m])), etc. So we 
get spectral sequences 

i?r= n E^t%,^_^.^^^{Gvh{K,Wm,Gr^^{L,W)[j]) 

j-i=p 
(A.5.3) ^ExtS-V;VK)((^'^)'(^'^))' 

Ef''^ = (same as above if p> k, and otherwise) 

^Ext^w,vK)((^;G^'^)'(^;^W'^))' 

where Ef''^ = for q < 0. Combining this with (A. 6) below, we get the full faithfulness 
of (A. 4. 3). (Here /c = in the above spectral sequence.) We can verify the essential 
surjectivity of (A. 4. 3) by an argument similar to the second solution in [2, 3.1.8]. 
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A. 6. Lemma. With the notation and assumption of(A.4), let {K, W), (L, W) e D''{A; W) 
such that Gr ^rK, Gr^^L E C for any k. Then K,L E C, and W determines a filtration W 
on K, L in C, so that a natural morphism 

(A.6.1) RomD.iA-,w){{K,W),iL,W))^Romc{{K,W),{L,W)) 

is an isomorphism. 

Proof. Let 

k = min{z G Z : Gr^i^ ^ 0}. 

Then we may assume W^L = L (replacing L with W'^L if necessary), because any fil- 
tered quasi-isomorphism {K', W) -^ {K, W) may be replaced with its composition with 
{W'^K'., W) -^ {K' , W). We prove the bijectivity of (A.6.1) by induction on the length of 
the filtration W on K. Here we may assume that Gr^yL-' are injective objects of A. 
Assume first W on K is trivial, i.e., Gr^X = for i ^ k. In this case we have 

Hom^.(^.^)((K, W), (L, W)) = Houio^AK, L), 

because D''{A; W),D''A can be replaced with K^{A; W),K^A by assumption on (L, W). 
We have a similar isomorphism for {K, W), (L, W), and the assertion follows. 
In general, let K' = W'^'^^K, K" = Gr^i^ so that we have an exact sequence 

^ Hom^,(^^^^)((K", W), (L, W)) ^ Hom^,(^.^)((K, W), (L, W)) 
^ Hom^.(^^^^)((K', W), (L, W)) ^ Extl,,(^^^;^)((K", W), (L, W)), 

and the last term is isomorphic to Extj^t^iK", L) by the same argument as above (using 
the injectivity of (L, W)). 

On the other hand, we have an exact sequence 

^ Homc((K",^), {L,W)) -^ Romc{{K,W), {L,W)) 
-.Homc((K',^),(L,^))^Ext^,^^.^^((K",W^),(L,W^)), 

and the last term is isomorphic to Ext(j{K"j L). Since we have a natural morphism between 
the exact sequences, the assertion follows from the inductive hypothesis. 

A. 7. Proposition. Let F^{A) be as in (A.l). Assume the filtrations Fi, . . . , F^ are finite. 
Let 

E = {M-F^,...,F^)eF:^{A) 

such that Gr^^ . . . Gr^" M are injective. Then it is an injective object of F^{A) (i.e. 
Hom(i?2, E) -^ Hom(i?i, E) is surjective for any strict monomorphism Ei -^ E2 ofF^{A)), 
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M has a decomposition 0j^£^« M^, such that Ff^ . . .F^^M is the direct sum of M^ for 
Vi >pi, and 

(Gr^^Hom(M', M), F, {i ^ n)) = JJ (Hom(Gr*F^M', Gr],^M), F, {i ^ n)) 

j-i=p 

for E' = (M'; Fi, . . . , F^) G F^{A), where Hom(M, M') has the filtration Fi, . . . , F„ as 
usual. 

Proof. The assertions follow by induction on n. If the assertions hold for n — 1, we get the 
decomposition by induction on the length of F„ using a splitting of the exact sequence 

^ {FP+^M, F,{i^n))^ {FPM, F, (^ ^ n)) ^ (Gr^^M, F, {t ^ n)) ^ 0. 

Then the third assertion follows, and then the first. 

Remark. The first assertion implies the isomorphism 

(A.7.1) Hom^+ (F, F') = Hom^+ (F, F') 

for complexes F = (FT, Fi, . . . , F^), F' = (F', Fi, . . . , F„) of F^{A) such that F is bounded, 
F' is bounded below, and Gr^^ . . . Gr^" F" are injective. (In fact, the left-hand side is zero 
if F is strictly acyclic.) Here Homj^+ (F, F'), Homj)+ (F, F') mean the group of morphisms 
in K+F^{A), D+F^{A) respectively. 



3. Geometric Complexes 

-•H 

^X(D)- 



In this section, we define the mixed A-Hodge complex C^,rj^A on a complex algebraic 



variety with a closed subvariety D 

3.1. Let /c be a field, and Vk the category of varieties over k. Let A be a commutative ring. 
We denote by V^ the A-linear category consisting of varieties X over k such that the group 
of morphisms Hom^ (X, Y) is the free A-module ^f . A[fj^i\ with basis the morphisms / 



J,^ 



of varieties over k from a connected component Xi of X to a connected component Yj of 
Y. The composition is defined by [gk,j'] o [fj,i] = [9k,jfj,i] if J = j' and zero otherwise. We 
have a natural functor i"^ : Vk ^ V^ such that I'^iX) = X and i^{f) = X][/j(j),j] where 
the /j(i),i : -^i -^ l^(i) denote the restrictions of / : X ^ y to the connected components 
ofX, y'. 

Let i3 be a category such that its objects form a finite set, Hom(a, b) are finite for 
a,b E B, and Hom(6, b) = {id} for b E B. We assume that the objects of B permit an 
ordering such that Hom(a, 6) = unless a^ b. 

A /cg-variety Xg = {Xb} is by definition a covariant functor 7x from B to Vk, where 
Xb = 7x(^)- A proper /cg-variety over Xg is a /cg-variety Yg with a functorial morphism 
TT : Is ^ Xg such that TCb '■ Yb ^' ^b is proper for any b E B. An A-linear morphism of 
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proper /cg- varieties Ig -^ Yq over Xq is a functorial morphism I'^'-fy -^ i^^Iy'^ where we 
assume that the functorial morphisms Yh -^ Y^ in V^ are given by A-hnear combinations of 
[fb,i,j] such that the fb,i,j commute with the restrictions of JVb to the connected components 
of Yfo, Y^. We denote by V^{Xq) the A-hnear category of proper /cg-varieties over X^ with 
A-Hnear functorial morphisms. The direct sum is given by the disjoint union, and the zero 
object by the empty set. 

Let C{V^{Xb)) denote the category of complexes of V^{Xb), and K{V^{Xb)) the 
category whose groups of morphisms are divided by the subgroups of morphisms which 
are homotopic to zero. We have also C*{V^{Xb)), K*{V^{Xb)) for * = +,-, 6 as in [21]. 
Then K{V^{Xb)) and K*{V^{Xb)) are triangulated categories by loc. cit. 

Let Db be closed subvarieties of Xb such that the Xh\Dh are stable by 7x(w.) for mor- 
phisms u of B. We say that Yb is nonsingular over X{D)b if the Yt, are nonsingular 
and the (tt^ (-Db))red are locally either divisors with normal crossings or connected com- 
ponents, where tt^ : y& — > Xi, is the morphism given by tt : Yg — i> Xg. We denote by 
V^{X{D)b)^^ the full subcategory of V^(Xg) consisting of such objects. Then we can 
define C*(V^(X(D)g)'^^), K*(V^(X(D)g)'^^) as above. 

Assume k = C Let C~^{X§^, A) denote the category of complexes of A-Modules which 
are bounded below on the associated analytic space Xj^^. For b E B,we have a contravariant 
additive functor 

R<:V,^(Xg)^C+(Xr,A) 

by associating (7rb)*C*(AyJ to 1^ where tt^ : Y^ — > Xi, is as above, and C"(AyJ is the 
canonical fiasque resolution of Godement of the constant sheaf Ay^ on Y^"^. It induces the 
contravariant additive functors 

R^t : c+{v^{Xb)) - c+(xr, A), 

R< : K+{V^{Xb)) - K+{X^-,A). 

The image of Y^ e K+{V^{Xb)) by Rtt^^ is denoted by R(7rfc)*Ay.. We say that Y^ e 
K+{V^{Xb)) is A-acycHc over X{D)b, if the R(7r6)*Ay. are acycUc over X^^"\D^" for 

b 

b G B, and a morphism Yq -^ Y^ of V^(Xg) is an A-quasi-isomorphism over X{D)b: if its 
mapping cone is A-acyclic over X{D)b- Then inverting A-quasi-isomorphisms over X{D)b 
of K*(V,^(Xg)) and K*{Vi{X{D)Brn. we get D*{Vi{X{D)B)). D*(y^{X{D)B)n- 
If \B\ = 1 (i.e., if B consists of one object), then Xg, X{D)b will be denoted by X, 

X{D). 

Remark. Constructions similar to C(V^(Xg)) seem to be well-known in the theory of 
motives, where [fj,i] is replaced by a cycle on y x Y'. In the Hodge setting, however, 
we cannot replace [fj,i] with a cycle, because we would have to take further a simplicial 
resolution of the cycle (if it is singular), and the push-down (i.e. the Gysin) morphism of 
mixed Hodge complexes is not easy to construct at the level of complexes in general. 

3.2. Proposition. For any Y^ E C^(V^(Xg)), we have an A-quasi-isomorphismYQ -^ Y^ 
over X{D)b such that Yq is nonsingular over X{D)b- So we have an equivalence of 
categories D\V^{X{D)bY') ^ D\V^{X{D)b)). 
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Proof. By the same argument as in [9, I, 2.6], we have Yj^' -^ Yq in C^{V^{Xs)) such 
that Fg* is nonsingular over X{D)s, and it is given by a desingularization Y^ -^ Y^ in 
a generahzed sense (i.e., it is proper surjective, the Yf^^ are nonsingular, and there exists 
dense open subvarieties of Y^ which are isomorphic to their inverse images in Y^^ ) . Then 
the Yf^ have closed subvarieties Z^ such that Y'^'^yZ^ are isomorphic to their inverse images 
in Y^^, the Z^ are stable by the morphisms of B and also by the morphisms /j ^ appearing 
in the differential of Y^, and max dim Z^ < max dim Yj^'^. Let Z'^l^ be the inverse image of 
Z^ in Yj^^. Then the associated single complex of 

(3.2.1) Z'^ ^Z'^(BY^' ^Y; 

is A-acyclic, and we can proceed by induction on dimy* as in loc. cit. The second assertion 
is clear by [21]. 



3.3. Let X be a complex algebraic variety, and D a closed subvariety of X . Assume A is 
a subfield of M. Applying (3.2) to the case \B\ = 1, there exists an A-quasi-isomorphism 
Y' ^ X over X{D) such that Y' e C\V^{X{D)bT'). We define an A-mixed Hodge 
complex 

C^^j^^A = {{^x{Dy^F^ W), (ix(D>, W), {txiD).W)-aF. «a) 

by 

((0;,^^^;F,W^)=7r,C<,(0^.(log7r-il));F,Vr), 

(ix(D),W^)=7r.(j;rC<,(A^..an),W), 

(Cx(D),W^)=7r.(j;j*C<,(0y..an),W^), 

for r large enough. Here ii -.Y' ^ X and j : 'n'~^ {X\D) — > Y' denote natural morphisms, 
and C<^ is the truncation r<j, of the canonical fiasque resolution of Godement (with 
respect to the Zariski or the classical topologies) and is applied to each component of 
Oy.(log7r~^iI>), etc. (More precisely, ^x/o) is the associated single complex of a triple 
complex, and the differential with respect to the index of Y* is induced by the differential of 
Y'.) The filtration F on Oyi(log7r-iD) is the filtration "bete" a of [4] (where Fp = F'P), 
and Wk on Oyi(log7r~^iI>), j*j*C<^(Ayi,an) is defined by 

Wk + i^Y- {log 7V~^D), r<fc + iJH<i*C<^(Ayi,an), 

(similarly for j ^,j* C^^{QYi'^^)) ■ The morphisms ap, aA are induced by natural morphisms 

(C<^(0y.(l0g7r-^D)))^'' ^ JH<j*C<^(Oy.an), Ay.an ^ Cy.,an ^ Oy.,an. 

The condition of mixed Hodge complex is satisfied by using the stability by the direct 
images under proper morphisms (2.8). We have the independence of the choice of Y' by 
(3.2). The underlying A-complex Ax{d} is isomorphic to Hj^j*Ax^^- 
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Applying (3.2) to the case B is an ordered set {0, 1}, we see that C^,j^^A is functorial 
for {X, D), i.e., we have a natural morphism 

(3.3.1) Cxi^D^A ^>- g^Cxi/^D')^ 

for a morphism g : X' —^ X such that g~^D C D' , where D' is a closed subvariety of X'. 
Furthermore we get its (shifted) mapping cone which is denoted by Cx(d)^x' (D')^- 

In fact, we have a /ce-variety Xb — {^b} such that Xq = X, Xi — X', where B = {0, 1} 
and Hom(l, 0) consists of one element corresponding to g. By (3.2) we have an A-quasi- 
isomorphism Y^ -^ Xs over X{D)s such that the Y^ are nonsingular over X{D)s- So the 
morphism (3.3.1) and its shifted mapping cone are defined canonically by using Y^ (where 
the degree of the first term of the shifted mapping cone is zero). By (3.2), Cx(d)^x' (D')^ 
is functorial for (X, D), (X', D'). 

If X' is a closed subvariety Z oi X such that D' = Z \~\ D, then Cx(d)^x' iD')-^^ 
^*x(D)^x' (D') ^^^ denoted by C^,j^. ^A, ^*x(d) z- They are denoted by C^^-^,A, (i'x^x' 
, if D, D' are empty. 

Remark. By definition (0^,^^,F) is essentially same as the filtered complex of Du Bois 
in [6]. See also [9]. 

3.4. Example. Assume X is smooth, D, Z are divisors on X such that D U Z is a divisor 
with normal crossings, dimD (1 Z < dimX, and the irreducible components Zj of Z are 
smooth. Let X^'^^ = X, and X^^^ be the disjoint union of ni<fc<i ^jk f°^ Ji < ' ' ' < ji- We 
denote the natural inclusions by a^ : X^"^' -^ X. Put D^^' = a~ (D). Then the complex 
X ^- Z is A-quasi-isomorphic to the complex X^'^' ^ X^^> ^ X^'^' ^ ■ ■ ■ over X{D). So 
^xiD) z ^^ represented by 

O;,(„)(logD(0)) ^ (ai),0;,(i)(logI)W) ^ (a2)*0;,(,)(logI)(2)) ^ ... ^ 

where F, W on 0^(i) (logD*^*^) are given by a and VF[— i] in [4] (where (VF[— 2])/^ = Wi+k)- 
Let 

u?rj':^rox.F,w) 

denote the underlying filtered "Dx-Module of the mixed Hodge Module j*j*j'j'*A^, where 
j : X\D -^ X and j' : X\Z -^ X denote natural inclusions. Then we have a natural 
isomorphism in D^^j^F{X, V; W) : 

(3.4.1) Uffj^rOx, F, W) = DR],\n'^^j,^^z^ F, W)[dimX]. 

(Here the filtration W on the right-hand side is shifted by dim X due to the shift of complex 
by dimX, and W = W on the left-hand side, because jfj*ji^j'*Ox is a Px-Module.) 

For the proof of (3.4.1), we may assume X is a complex manifold by GAGA. Then we 
have locally X = Xi x X2 such that D = Di x X2, Z = Xi x D2, where Di, D2 are 
divisors with normal crossings on Xi, X2- We have a bifiltered isomorphism 

{jffjrrOx,F,W) = {{n)fjtOx,,F,W)m{{j2)rf20x,,F,W), 
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using the functorial morphisms id — > j*j*, j'j'* ~^ id. We have a similar decomposition 
on the right-hand side of (3.4.1). So the assertion is reduced to the case either D or Z is 
empty. Then the assertion foUows from (v) of (1.4) forgetting the filtration W. But the 
compatibility with W is easy, because the weight filtration W oi j(j'*Cx[diniX] in the 
abelian category of perverse sheaves is uniquely characterized by the property : 

GrYimX-kiJ'J'*^x[dimX]) = {ak)*Cx(k)[dimX - k\. 



4. Smooth AfRne Stratification 

We prove (0.2) by using a good representative of the mixed Hodge Module A^ associated 
with a smooth affine stratification of X. 

4.1. Proposition. Let X be a complex algebraic variety of dimension n, and S = {Si} a 
stratification of X such that each stratum Si is smooth and affine. Let ji : Si ^ X denote 
natural inclusions. Then we have a complex C^A^ in C^MHM(X, A) such that 

(4.1.1) ClA^= {J^)lAl[k], 

dim Si=fc 

and the image of C^A^ in D^M}iM{X , A) is naturally isomorphic to A^. 

Proof. We first note that (4.1.1) implies for any M G MHM(X, A), a natural morphism 
C^A^ -^ CgA^[n] induces an isomorphism 

Rom{CsA^[n],M) - Ker(Hom(QA^, M) -^ Rom{C^-^A^, M)). 



Here Hom on the left-hand (resp. right-hand) side is taken in D^MiUs/l[X, A) (resp. 
MHM(X, A)), and the morphism in the right-hand side is induced by the differential of 
CsA^. 

We proceed by induction on n = dimX. Let Y = UdimS <n'^*' ^^'^ ^ ~ ^\^ with 
natural inclusions i : Y ^ X,j : U ^ X. Then we have a distinguished triangle in 
D^MBMiX.A) 

(4.1.2) ^ iU^[n - 1] -> j,A^[n] ^ A^[n] ^, 

and the assertion follows from the inductive hypothesis. Note that the isomorphism A^ = 
C^A^ is uniquely determined by the restriction to a dense open subvariety of X, because 

End(Af ) = Hom(Af„ (ax)*Af ) = A, 

if X is connected (where ax : X ^ pt is a, natural morphism) . 
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4.2. Theorem. Let X be a complex algebraic variety, and D, D' closed subvarieties with 
natural inclusions j : X\D -^ X , j' : X\D' -^ X . Then we have a natural isomorphism 



(4.2.1) 



DR^\C^,^,j,,A) = sU.fjirA^) in D\,{X, A)t,. 



Proof. By (2.8) the assertion is reduced to the case where D, D' are locaUy principal 
divisors (using the blow-up of X along D and D') so that j*, jj' preserve perverse sheaves. 
Let {Si} be as in (4.1). Here we may assume that D' is a union of strata. Let 

x'= U s,\Jd' 

dim Si < J 

for —l<j< n. By the same argument as (3.2) we have A-quasi-isomorphisms Y^'' -^ X^ 
over X^{X^ fl D) together with morphisms Y^~^'* -^ Y^'* such that Y^' is nonsingular 
over X{D), and we have a commutative diagram in C^(V(X(D), A)): 



yj,* 



X^ 



yj- 



x^-^. 



Using y-^'* as in (3.3), we define 

K^ = BR^\i,),C^,^^^^,)A in C^(X, A)^ 

so that we have natural morphisms Vj : K^ -^ K^~^ in C^{X,A)j). Here ij : X^ -^ X 
denotes a natural inclusion. We consider a morphism of C\^{X,A)xi'- 

(4.2.2) ^'^ K^ 

0<j<n -l<j<n 

whose restriction to K^ is r^ for j = n, and Tj © {—id) for < j < n, where n = dimX. 
Let K be its shifted mapping cone (i.e., the degree of the first term is zero). Then K is 
isomorphic to the shifted mapping cone of K^ — > K~^ so that 

K = DR3^i(Cfp^,^M). 

We have a filtration G on K such that G* is the shifted mapping cone of 

K. ^ K^ 

i'^j'^n i — l<j<n 

for i > 0. Let S' = {Si : Si C X\D'} so that S' is a stratification of X\D'. Then Grl^K 
is the shifted mapping cone of Vi : K^ ^> K^~^ which corresponds to j ^j* j[Cgi A^ [—i]. So 
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G is similar to the filtration G in the proof of (2.8), and we have weak quasi-isoniorphisms 
like (2.8.3). Furthermore 

Gx\.{{T>ecGfK/{T>eeGYK))\i] 

is isomorphic to e{j^j*jiCg,A^). See(2.9). In fact, the last assertion is reduced to the 
case where the closure 5"^ of 5"^ is smooth and Si\Si is a divisor with normal crossings by 
using (2.8). Then it follows from (3.4). This finishes the proof of (4.2). 

4.3. Corollary. With the notation of (4.2), the two mixed Hodge structures on 
H\X\D, D'\D' n D) by [4] and [15] coincide. 



5. Du Bois Singularity 

We study Du Bois singularity, and give some application of (0.3). 

5.1. Let X be a reduced complex algebraic variety. Let n' : X' ^ X he the normalization 
of X. Put X" = {X' Xx X')red with the natural projections n" : X" -^ X and Pa : X" -> 
X' (a = 1,2). Let 

(5.1.1) OT = Ker(p* -p* : -k'^Ox' ^ <Ox"). 

Then O^ is a coherent sheaf of algebras, and we define X^^ = SpecxOx"^. The natural 
morphism X™"^ — > X induces a bijection of the underlying sets, because Ox^ is identified 
with the sheaf of continuous functions on X{C) whose pull-backs to X' come from Ox'- 
We call Ox^, j^wn ^^iq weak normalization of Ox, X . We say that X is weakly normal if 
O^" = Ox. 

Remarks, (i) For x E X, the analytic-local irreducible components of X at a; corresponds 
to n'~'^{x). In particular, the weak normalization coincides with the normalization if X is 
analytic- locally irreducible at every point. 

(ii) Let Xi, . . . , Xr be reduced closed subvarieties of X . Put Xij = (Xi fl Xj)red for 
i < j. We say that Xi, . . . , Xr are relatively vertical, if 

(5.1.2) ^x^0Ox. ^0Ox.„ 

i i<j 

is exact, where the last morphism is given by the Cech morphism. We see that if 
Xi, . . . ,Xr-i are relatively vertical, then Xi, . . . ,Xr are relatively vertical if and only 
if IJi<i<r "^* ^^^ -^r are relatively vertical, 
(iii) Let Xq = IJi<i<r"^*- Then we see : 

(a) If Xq is weakly normal, Xi, . . . , Xr are relatively vertical. 
Assume r = 2. Then : 

(b) li Xq, Xi 2 are weakly normal, so are Xi, X2- 
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(c) If Xi, X2, ^1,2 are weakly normal and Xi, X2 are relatively vertical, then Xq is 
weakly normal. 

(iv) In the isolated singularity case, (iii) implies that a variety with isolated singularities 
is weakly normal, if and only if so are any etale-local irreducible components and these are 
relatively vertical. (Note that the normalization and the weak normalization are compatible 
with etale base changes.) In the one-dimensional case, this means that X is weakly normal 
if and only if it is etale-locally isomorphic to [jAxi = (z 7^ j)} C C"^. 

5.2. Proposition. Let X be a reduced complex algebraic variety, and (M, F) the under- 
lying filtered V-Module of the mixed Hodge Module A^ in [15]. Then with the notation 
of (1-3), we have a natural isomorphism 



n^Gr^BRx{M) 



OY- 



Proof. Let a» : X, ^> X he a, simplicial resolution (or a cubic resolution). By (0.3) it is 
enough to show 

(5.2.1) 7^0R(a.)H<Ox. = or- 
We have the spectral sequence 

Ef? = i?'^(ap),Ox, ^ 7^P+m(a.)H<Ox., 
which implies 7i'^R(a.)H< Ox. = Ker((ao)*Oxo ~^ (fli)*Oxi)- So we get a natural morphism 

(5.2.2) H°R(a.)*Ox. ^<Ox' 

in the notation of (3.1), because n'^Ox' = tt^O^ if tt : X ^ X is a desingularization. We 
see that (5.2.2) is injective and the image is O^" by restricting a. : X, -^ X over a point 
of X, because a» : X, —^ X gives a resolution of a constant sheaf. So we get the assertion. 



Remarks, (i) By (0.3) and (5.2) X is Du Bois (see the introduction for the definition), if and 
only if X is weakly normal and 7i*R(a.)*Ox. = (or, equivalently, TY^Grg DRx(M) = 0) 
for z > 0. Note that X has (at most) rational singularities, if and only if X is normal and 
EJ"n^Oj^ = for i > 0, where ti : X ^> X \s a. desingularization. 

(ii) Assume X is a hypersurface. Let / be a local reduced defining equation of X, and 
hf{s) the 6-function (i.e. the Bernstein polynomial) of /. Then X has rational (resp. Du 
Bois) singularity if and only if the roots of bf{s)/{s + 1) are less than (resp. less than or 
equal to) -1. See [17, (0.4)] and [18, (0.5)]. 

(iii) With the notation of Remark (iii) after (5.1) assume r = 2. Then we can easily 
verify : 

(a) If Xq, Xi^2 are Du Bois, so are Xi, X2. 

(b) If Xi, X2, ^1,2 are Du Bois and Xi, X2 are relatively vertical, then Xq is Du Bois. 
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In the isolated singularity case, these imply that a variety with isolated singularities is 
Du Bois, if and only if so are any etale-local irreducible components and these are relatively 
vertical. In the one-dimensional case, this means that X is Du Bois if and only if X is 
weakly normal. See Remark (iv) after (5.1). 

5.3. Proposition. Let (DM, F) denote the underlying GlteredV -Module ofDA^ (the dual 
of A^), and Kx the dualizing complex for O-Modules. Then we have unique morphisms 
inD\X,Ox) : 

(5.3.1) Ox -^ Gr^DRx(M), Gr^DRx(DM) -^ Kx, 

whose restrictions to the smooth part of X are natural isomorphisms. 

Proof. The assertion on the first morphism is clear by (5.2). For the second, we have by 
the duality (see [14, §2]) : 

(5.3.2) D(Gr^DRx(M)) = Gr^DRx(OM) in D\Ox), 

if X is embeddable into a smooth variety. Let X = IJi<i<r ^* ^^ ^^ open covering of X 
such that Ui are embeddable into smooth varieties. Put Uj = Hie/ ^i for / C {1, . . . , r}. 
Let M' = GrQ DRx(ID)M). Then we have a spectral sequence 

i?f'^= RomD+^Uj)iM'\u,,KuAq])^'iiomD+ix){M',Kx\p + q]), 
\i\=P+i 

taking an injective resolution of Kx and using the Cech complex associated with {Ui}. 
Since i?f'^ = for p < by the duality together with (0.3) and (5.3.2), the second 
morphism of (5.3.1) is locally defined. So the assertion follows from (5.3.2). 

Remarks, (i) One of the morphisms of (5.3.1) is an isomorphism if and only if X is Du 
Bois. 

(ii) If X is Du Bois and Qx[dimX] is a perverse sheaf , then X is Cohen-Macaulay. 
This is because the filtration F on {3M)u^v is strict. See (iii) of (1.4). 

5.4. Theorem. A rational singularity is Du Bois 

Proof. Assume X has (at most) rational singularities. Let tt : X ^ X be a desingulariza- 
tion. By (0.3), we have a natural morphism 



Gr^DRx(M)^R7r,C 



X 



whose composition with the first morphism of (5.3.1) is a natural morphism Ox -^ Rtt^O^^. 
So Ox is a direct factor of GrQ DRx(M) because X has only rational singularities. Assume 
the singularity of X is not Du Bois. Then Grg DRx(M) has a nontrivial direct factor in 
D^{Ox) whose (cohomological) support is contained in SingX. 
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Since the assertion is local, we may assume that X is a closed subvariety of a smooth 
variety Y. Let (DM, F) be as in (5.3). To simplify the notation, we denote also by (M, F), 
(©M, F) the filtered Py-Modules representing them for {X ^Y}. Then (DM, F) is really 
the dual of (M, F) as filtered Py-Module, and (5.3.2) becomes 

(5.4.1) DGr^DRy(M) = Gr^DRy(DM) = Fo(DM) in D\Oy): 

where the last isomorphism follows from Gr^(DM) = Gr^DRy(DM) = for p < 0. (The 
last vanishing follows from (0.3) and (5.3.2).) 

So the assumption implies that Fo(DM) has a nontrivial direct factor A^ in D^{Oy) 
whose ( CO ho mo logical) support is contained in SingX. Then we have a morphism of "Dy- 
Modules 

(5.4.2) N ®Oy T^y -^ DM 

such that WN ®Oy '^y ^ W{BM) is nontrivial if WN ^ 0, because WFo{BM) -^ 
7i*(DM) is injective by the strictness of the Hodge filtration. See (iii) of (1.4). 

Let Z = IJ^SuppTiW. We may assume that Z is smooth with pure dimension m < 
dimX, and also SuppTiW = Z or by deleting a proper closed subvariety of Z from X . 
Let 

M' = RLzDM. 

Then (5.4.2) is the composition of A^ ^Oy ^y -^ M' -^ DM. Furthermore M' underlies 
the dual of A^ so that WM' = for z 7^ — m. So we get 

H"""(DM) ^ 

by the property after (5.4.2). Then, passing to the corresponding complex of Cyan-Modules 
via the functor DRy (and using the duality), we get 

^rrcx^r. ^ 0. 

But this contradicts to Remark below by restricting to a general smooth subvariety 
transversal to Z (where the shift of index by m comes from ^Ti^L = L[?ti] for a local 
system L on Z^"^). 

Remark. For a connected complex algebraic variety of dim X > 1 , we have 

PTi^Cx- = 0. 

In fact, let D be a closed subvariety of X such that U = X\D is smooth affine and pure 
dimensional. Let j : U ^ X denote a natural inclusion. Then we have a distinguished 
triangle inD[!(X^",C) 

— ^ J\^u^^ — ^ cLx^^ — ^ ^Z^ 



7an 
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with PWjiCu = for z 7^ diuiU. So the assertion is reduced to the case dimX = 1 by 
induction. Then Cxan[l] G Perv(X'^", C) by the exact sequence 

— > Cx^n — > TV^Cj^^n — ^ -E — ^ 0, 

where yr : X ^ X is the normahzation, and Supp-E C SingX. (The assertion foUows also 
from ifL^Cx^^n = for z < 0.) 



Table of notations 

1.1 Diff^(L,L'), HomDiff((L,F),(L',F)), MF{Vx), 
MF(Cx,Diff), C*F(Cx,Diff), K*F{Ox,BiS), D*F(Ox, Diff), 
MF(Cx,Diff;W^), C*F(Cx, Diff; VI"), K*F(Ox, Diff; VI"), 
I)*F(Ox,Diff;Vl^), I)*„i^F(Ox,Diff;Vl^), D*^^F{Ox.BiS), 
DR3^^ : MF(Cx,Diff) -^ MF{Vx), 

1.2 R/h. : D+F{Ox, Diff) -^ D+F{Oy, Diff), 

1.3 LE{X), MF{Vv)u, MF{X,V), MF{X,V;W), 
C*F{X,V), C*F{X,V;W), D*F{X,V), D*F{X,V;W), 
M{X,V), D*{X,V), D*(X,r';Vl"), 

DUF{X,V;W), Dl^,F{X,V-W), D^FiX^V), DUF{X,V), 

Mhoi(X,I)), Dl^,{X,V), Dl^,{X,V;W), 

D*{XX): Perv(X,C), 

DRx : DIJX, V) ^ I)*(X, C), DRx : Mhoi(X, V) ^ Perv(X, C), 

GrjDRx : Dl^^F{X, V) ^ Dl^^{X, Ox), 

1.4 MFhoi(X,I),A;Vr),MFhoi(X,P,A), 
MH(X, A, n), MHW(X, A), MHM(X, A), 

2.1 C^„iF(Ox,Diff,A;Vl"), CUF{X,V,A-W), C^„iF(Ox, Diff, A), 
C^„iF(X,I),A),Perv(X,C;Vr), 

DR3^i : Cl^,F{Ox, Diff, A; VT) -^ Ci^,F{X, D, A; VI"), 

2.2 C^(X,A,n)^, C^(X,A)x,, C^(X,A), 
K^(X,A,n)x,, K|,(X,A)^, K^(X,A), 
I)^(X, An)^, Kl^,F{X,V,A), Di^,F{X,V,A), 

2.4 I)^(X,A),I)^(X,A)^, 
DR-i:I)^(X,A)^I)^(X,A)^, 

2.5 D^MHM(X,A), C"'MHM(X,A), C^jj^l^'^)' 

C* (X, A; G, VT') , ^c (^, A; G, VI"') , ^c* (^, A; G, M^O , 
K+'^(X, A; G, VTOioj, MFhoi(X, P; VT'), i^^f (^, ^P, A; G, VI"'), 
i^,^(X, A; Gbete, VI"'), G^Perv(X, A; W), 

2.7 e : D^MRMiX, A) -^ D!^{X, A)^, 

2.8 /, : D\,{X,A) -^ I^^(F, A), /, : I5^(X, A)^ ^ I^^(l", A)^, 

2.9 G^(X,A;G)c, DecG, Dec*G, 

A.i f;j(A), 

A.2 F(C), F(A), 
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A.3 DecG, Dec*^, 

A.4 C*{A] G, W), K*{A; G, W), D*{A; G, W), 

C*iA; W), K*{A; W), D*{A; W), D'^{A; Gbete, W), 

3.1 Vfc, V,^, Xb, V^iXe), C*{V^{Xb)), K*{V^{Xb)), 
V^{X{D)sr, C*{V^{X{D)s)n, K*{V^{X{D)b) 
D*{V^{X{D)b)), D*{V^{X{D)Brn, 

R< : K+{V^iXB)) - K+(Xr, A), 

3.3 C^^^^A, fix(D>' ^^(D), Cx(D>7 

4.1 C'^A^, 

5.1 O^", X^'^, 
5.3 Kx, 
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